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Abstract

A largeclassof optimalcontrolproblemdor hybrid dynamicsystemsanbeformulatedasmixed-integeroptimalcon-
trol problemgMIOCPs). It is theintrinsic combinatoriacomplexity, in additionto the nonlinearityof the continuous,
multi-phaseoptimal control problemsthatis largely responsibldor the challengesn the theoreticaland numerical
solutionof MIOCPs. We presenta new decompositiorapproactto numericallysolvingfairly generaMICOPswith
binarycontrolvariables.A BranchandBound(B&B) techniquds appliedto efficiently searchthe entirediscreteso-
lution spaceperforminga truncatedbinary treesearchfor the discretevariablesmaintainingupperandlower bounds
onthe performancendex. The partially relaxed binary variablesat aninner nodedefinean optimal control problem
with dynamicequationsdefinedin multiple phases.lts global solution providesa lower boundon the performance
index for all nodesof thesubtreelf thelowerboundfor agivensubtreds greatethanthecurrentglobalupperbound
thenthatentire subtreeneedno longerbe searched The mary optimal control problemswith nonlinear continuous
statedynamicsdefinedin multiple phasesubjectto nonlinearconstraintsare solved mostefficiently by a sparsedi-
rectcollocationtranscription.Hereby the multi-phaseoptimal control problemis transcribedo a sparselarge-scale
nonlinearprogrammingproblembeing solved efficiently by a tailored SQPmethod. Despitethe high efficiency of
the sparsairectcollocationmethod the efficiency of the decompositioriechniquefor MIOCPsstronglydependon
thedeterminatiorof goodlower andupperboundson the performancendex beingusedto fathomingentiresubtrees
throughouthebinarytreesearch Theproposedpproachs successfullyappliedto two new benchmarkproblemsor
hybrid optimal control: a motorizedtraveling salesmaranda teamof two cooperatingmotorizedsalesmen.

Keywords:  Nonlinearhybrid dynamicalsystemsmulti-phasedynamicalsystemshybrid optimal control, mixed-
integeroptimalcontrol, branch-and-boundgparsalirectcollocation,motorizedtraveling salesmarproblem

1 MIXED-INTEGER OPTIMAL CONTROL 0 = hg(x®),ut),mt), j=1,...,0. (4)

Number and type of the constraintsdiffer from one
phaseto the othet Furthermoreat initial, final, and
switchingtimesimplicit switchingconditionsmayhold

0 = r(O),j(X(O)7X(tf)70‘)7tf)7 J = 17"'7n|’(0)7 (5)

We considera nonlineardynamicalsystemdefinedin
nc+ 1phasest’,ts ,], i =0,...,nc, (cf. Fig. 1)

X(t) = fi(x(t),ult),wt), t°<t<ts;, (1)

with a piecavise continuouslydifferentiablestatevari-

ablgx :[0,tf] = R™, a piecewise_ continuouscontrol 0 = rg,(X(t°—0),x(t°+0),w,t0), (6)
variableu : [0,t] — R™, anda binary control vector ) ) o .
w € {0,1}". The transition from phasei to phase J=1.n, i=1,...,nc aswell asexplicit condi-
i + 1 takes placeat the usually unknovn eventt?, i = tions

1,...,nc, i.e. aswitchingpoint. Themixed-integeropti- xj(0) = Xoj, X(tf) = Xtk

malcontrolproblem(MIOCP)is definedasminimizing

7
_ i N(tE+0) = Ro(xte-0,w0t),
thereal-valued,hybrid performancendex

wherej,k,| areelementdfrom subsetof {1,2,...,ny}

ne+1 . .
_ . c ¢ ¢ andxg j, X k aregivenrealconstantsFurthermorelin-
Ju,wf = i; b (X = 0),x(t7+0), 0, ) earconstraintareimposedonthebinarycontrolvector
Nc tic . Na XNy ) Na
+ +1 L(I)(X(t),u(t)’m’t)dt (2) |m|n SA(*)S |max; A € R ) |m|n;|max€ ]R . (8)

=0/t

with respectto the continuouscontrol variableu and
the discretecontrol vector w and subjectto stateand
controlvariableinequalityandequalityconstraints

0 < g(i),j(x(t)au(t)amat)a J: 13"'ang(i)a (3)

*authorto whomcorrespondencshouldbe addressed

The solutionsto the MIOCP are the optimal (open
loop)trajectorieof x*(t), u*(t), 0<t <t¢, theoptimal
phasdransitiontimest®*, thepossiblyfreefinal timet;
andtheoptimalbinary parametewectorw®.

Remark 1. A generalclassof hybrid optimal con-
trol problemsis definedby determingthe optimal hy-
brid — i.e., continuousu anddiscretev : [0,t] = V C



0=t t¢ e e, te

Figure 1: Continuousstatedynamicsdefinedin multi-
ple phasesphasdransitionsoccuratswitchingtimest’.

7™ — control trajectoriessuchthat a hybrid costin-
dex féf L(x,u,q,v)dt is minimized subjectto the sys-
temdynamicsk = f(x,u,q,Vv,t) andfurtherconstraints,
wherex denoteshe continuousstateandq : [0,tf] —
Q C Z" the discretestate[6]. Assuminga finite, ei-
thergivenor boundednumberof switchingsfor bothq
andv, thenthe hybrid optimal control problemcanbe
transformednto a MIOCP with integervariablesvhich
may berepresentetly binaryvariableg6].

Remark 2. The “nature” of the binary control vector
w appearingn MIOCP is ambialent.Ontheonehand
it representthediscretecontrolvariablev thatcontrols
the order andtypesof phasetransitions,on the other
handit alsorepresentthediscretestateq in eachphase.

2 DECOMPOSITION USING BRANCH AND BOUND
AND SPARSE DIRECT COLLOCATION

No generalsolutiontechniquego addresshe classof
MIOCPsarecurrentlyavailable.

A framework for modelingand (optimally) control-
ling mixedlogical dynamicalsystemadescribedy lin-
eardynamicequationssubjectto linearinequalitiesin-
voling real andinteger variableshasbeenproposedy
[4]. Theon-line optimizationproblemsresultingfrom
a predictive control schemeare solved numericallyby
applicationof a mixed-integer quadraticprogramming
branch-and-boundhethod. However, the approachs
not applicableto our classof MIOCPswith nonlinear
dynamicsequationsubjectto nonlinearconstraints.

By discretizingthe continuousstateandcontrolvari-
ablesof MIOCPs, the resultingmixed-integer nonlin-
early constrainedptimizationproblems(MINLPS) are
in generallynoncorvex. Consequentltherecentlyde-
velopednumericalmethodsfor convex MINLPs [1, 9]
cannotbe applied, since the bounding propertiesof
the relaxed problemcannotbe achiesed[2]. However,
thereis anothereasonwhy MINLP techniquesrenot
suitedat all: The actualvalue of the discretevariable
determineshe sequenceypeandnumberof phasedy-
namics.Thus,the actualdynamicsin a phaseandeven
the dimensionor numberof constraintamay be com-
pletelydifferentfor differentvaluesof thediscretevari-
able. A discretizatiorof the continuousvariable,how-
ever, mustdependon the dynamicsand constraintgo
be ary effective or definedat all. This fact hasfound
almostno obsenationin theliteratureyet!
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A prerequisitdor thenumericalsolutionof MIOCPs
is the ability to efficiently solve optimal control prob-
lems with nonlinear dynamical equationsdefinedin
multiple phasessubjectto nonlinearconstraints. The
recently developed sparsedirect collocation method
DIRCOL (Sect.2.2) satisfiegsheserequirements.

A naive solutionapproachto MIOCP is to enumer
ate the feasiblediscretecontrol space,i.e., determin-
ing all w C {0,1}" satisfyingEq. (8), andsolvingall
the resulting“continuous” multi-phaseoptimal control
problemsrelatedto eachof the binary control values.
However, evenfor moderatedimensionsof w, this ap-
proachis not feasiblebecausef the NP-completeness
of the discreteoptimization problem (cf. example of
Sect.3.1).

2.1 DecompositionUsing Branch and Bound

The motivationfor a decompositiorapproactis to po-
tentially avoid an explicit enumerationof the entire
feasiblediscretecontrol space{0,1}" by solving se-
quencesof problemsproviding rigorous upper (non-
increasing)and lower (nondecreasingpoundson the
MIOCP performanceandex that corverge in a signifi-
cantly smallernumberof iterations.

To obtainan upperbound,the component®f w are
setto a combinationof O or 1 satisfyingthelinearcon-
straints(8). Hereby the MIOCP is reducedo a “con-
tinuous”, multi-phaseoptimal control problem(primal
problem),whosesolutionis assumedndits globalop-
timum yields a rigorous upperbound on the MIOCP
performancendex. A lower boundis obtainedby the
global optimal solutionto a multi-phaseoptimal con-
trol problemfor a binary control vectorwith partially
relaxedcomponent® < wy < 1,i € {1,2,...,Ne}.

<&l
OXO

Figure 2: Branchingat an inner node of the binary
searchree.

A branchandboundtechniquemay startfrom aroot
of the binary searchtree, where all binary variables
are relaxed if the underlying MIOCP permitsit. In
eachinner nodesomeof the binary variablesare O or
1, all othersarerelaxed (Fig. 2). At the endsof the
searchtree,all binaryvariablesareO or 1. At aninner
node, the global solution of the correspondingmulti-
phaseoptimal controlproblemyieldsalowerboundon
the achievable performanceandex for all nodesof the
subtree. If the lower boundin a nodeis greaterthan
the currentbestupperboundof the whole searchtree,
thenall subsequerihiranchedgrom this nodecanbe cut
off. Thus,theefficiengy of theB&B binarytreesearch
stronglydependn goodlower andupperboundses-
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pecially on a goodinitial upperbound,i.e.,agoodini-
tial estimateof w*.

Variousstrat@iesfor B&B exist on how to selectthe
branchingvariable(suchasfirst free variableor maxi-
mumfractionalpart) andhow to explorethetree(such
asdepthfirst or breadthfirst). Currently it is not clear
yetwhich strategy performsbestfor which MIOCP.
Remark 3. B&B for thebinarycontrolvectorrequires
existenceof solutionsto relaxed MIOCPs, or more
precisely the existenceof continuousrelaxationsto
MIOCP. For someMIOCPs,relaxationamay exist nat-
urally, althoughtherelaxedproblemdoesnt needto be
of ary physicalsignificancewith respecto the under
lying application. Usually additional modeling effort
will be requiredin defining suitable“meta”-MIOCPs
allowing useful relaxationsanalogouslyto the defini-
tion of superstructurefor mixed-integernonlinearpro-
grammingproblemgd1].

Remark 4. Asit is to be expectedhatsomemodeling
effort for theMIOCP mustbemadebeforeapplyingnu-
merical methods,t hasbeensuggestedo derive suit-
ably simplified and problemspecific“screeningmod-
els” [2]. A screeningnodelcanbe solvedto simulta-
neouslyguaranteaylobal optimality andto yield a rig-
orouslower boundon the solutionto the MIOCP, thus
avoidingtheneedfor dealingwith relaxedMIOCPs.An
applicationfor asimplebatchprocessievelopmenthas
successfullypeeninvestigatedn [2].

Remark 5. TheB&B binarytreesearchincorporates
high parallelismthat canbe employedin future inves-
tigationson a massvely parallel computingplatform
as the communicationbetweenprocessorgan be ne-
glectedwhencomparedo the computationatime for a
multi-phaseoptimal controlproblemin anode.
Remark 6. Thelinearconstraint¢8) onthebinarycon-
trol vectorareusedduringthe B&B approacho elimi-
natenodesbeforesolvingary relaxedMIOCPs.
Remark 7. Thechallengan solvingrelaxed MIOCPs
duringthebinarytreesearchcannotbe underestimated.
Thereis no numericalmethodavailablethat solvesop-
timal control problemswith nonlinear dynamicsde-
finedin multiple phasesand subjectto nonlinearcon-
straintsand with phasetransitionsat unknovn times
guaranteedo the global optimumor thatevenguaran-
teesalocally optimalsolutionatall. However, notonly
the global optimumiis of interest. For mary typesof
MIOCPseven a “good” solution obtainedby the pro-
posedapproachthat significantly improvesthe initial
guesswill behighly appreciated.

2.2 SparseDirectCollocation for Multi-Phase Op-
timal Control Problems

The “continuous” multi-phaseoptimal control prob-
lems that are obtainedfrom Egs. (1) — (8) by having
somecomponent®f w fixedto 0 or 1 andsomerelaxed
still includeseveraldiscreteaventeffects.For example,
the orderof phasdransitionsis givenbut notthetimes
of switchings. Furtherswitching points also describe
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Figure3: Directcollocationparameterizatioof contin-
uousstateandcontrolvariables.

the times when a stateor control variable inequality
constrain{3) becomesctive orinactiveduringaphase.

Numerical optimal control methodsbasedon the
EulerLagrangedifferential equationgEL-DEQs) and
the Maximum Principle (MP) can mainly be divided
into two classesdirectandindirectmethodg16]. Indi-
rectmethodsapproximatea solutionby explicitly solv-
ing first and secondorderoptimality conditionsresult-
ing from EL-DEQsandtheMP. For reasonslreadydis-
cussedn [6, 12, 16] they arenotflexible enoughfor the
purposeneedechere.

Direct methodsare basedon a transcriptionof opti-
mal control problemsinto (finite dimensional)honlin-
early constrainedptimizationproblems(NLPs) either
by direct shootingor direct collocation[5, 16]. Direct
methodspromisehigh flexibility androbustnessvhen
solvingoptimalcontrolproblemsnumericallyto low or
moderateaccuracies.

However, in mary practicalapplicationghe problem
functionshave only low, local differentiability proper
ties, i.e., discontinuitiesin the first or secondderiva-
tives. Thus, obtaining a useful gradientapproxima-
tion for shooting-typediscretizationds muchmorein-
volved, sincea numericalsensitvity analysisof initial
value problemswith switching points mustbe carried
out, e.g.,[2]. Ontheotherhand,for acollocation-type
discretization,only a careful, but much cheapeffinite
differenceapproximationis sufficient with usually no
needfor specialtreatmentof discontinuitiesin first or
secondierivativesby switchingfunctions.Additionally
appealingin the direct collocationapproachs the po-
tentially fastercomputationcomparedo direct shoot-
ing becaus¢he ODE simulation(1) andthe controlop-
timization problems(2), (3) are solved simultaneously
for collocationand not iteratively asfor shooting. To
achieve full speed-ugor collocation,the NLP sparsity
mustbe fully utitilized. Otherwisethe NLP size will
severly limit the efficiengy.

We apply a discretizationof x by piecevise cubic
Hermite polynomialsX(t) = ¥;a;X;(t) and of u by
piecewise linear functionsti(t) = ¥ Bx0k(t) on a dis-

cretizationgridt® = t{” <tj) < ... <t} =t in each

phase(Fig. 3) [12]. The equationsof motions(1) are
pointwisefulfilled atthegrid pointsandattheir respec-
tive midpointsresultingin asetof nonlineaMNLP equal-
ity constraintsa(y) = 0 (collocationat Lobattopoints).
Any control or statevariableinequality constraintsare



v

to be satisfiedat the grid pointsresultingin setof non-
linearNLP inequalityconstraintd(y) > 0. Here,y de-
notesthe ny parametersf the parameterization

T
y= (u17a27“'7317[327'“7 pat](fa-'wtr?c;tf) -

wherep; € [0,1],i = 1,...,np denoteghe subsebf re-
laxed binary variables. The resultingnonlinearlycon-
strainedoptimizationproblembasicallyreadsas

NLP: myincp(y) subjectto a(y) =0, b(y) >0,

where@ denoteshe parameterizedostindex (2).

A carefully selecteddiscretizationfi, X must sat-
isfy certain corvergence properties. One require-
ment is that the discretized solution must approx-
imate a solution of the EL-DEQs and the Maxi-

mum Principle if the grid becomedfine enough,i.e.,
for n) = o andmax{ty), —t :k=1,...,n{" =1} -
0, cf. [12]. Anothergreatadvantageof thedirectcollo-
cationapproachs thatit providesreliable estimates\
of theadjointvariabletrajectoryalongthediscretization
grid. Theseestimatesare derived from the Lagrange
multipliers of theNLP [12]. They enablea verification
of optimality conditionsof the discretizedsolutional-
thoughthe EL-DEQshave not beensolved explicitly .

Local optimality error estimatesanbe derived that
enableefficient stratgjies for successiely refining a
first solutiononacoarseyrid[12, 14]. Thus,asequence
of relatedNLPs mustbe solved whosedimensiondn-
creasewith the numberof grid points.

NLPs canbe solved mostefficiently numericallyby
SQP methods. In eachSQPiterationa currentguess
of the solution y* is improved by the solution of a
guadraticsubproblenderivedfrom aquadraticapprox-
imationof theLagrangiarof the NLP subjectto thelin-
earizedconstraintg3, 8].

The NLPs resulting from a direct collocation dis-
cretizationhave several special properties[15]: The
NLPs are of large-scalewith very mary variablesand
very mary constraints. Most of the NLP constraints
areactive at the solution, e.g., the equality constraints
from collocation.Thus,thenumberof “free” NLP vari-
ablesis much smallerthan the total numberof vari-
ablesny. TheNLP JacobiangOa(y), Ob(y)) aresparse
andstructured Only a few percentof theelementawill
benonzeroandthepercentageecreaseasthenumber
of grid pointsincreasesThe NLP objective @(y) only
dependon a few, fixed numberof variables,indepen-
dently of the actualgrid size,if the objective (2) is of
Mayertype,i.e.,L = 0.

All thesefeaturescanbe utilized by the recentlyde-
velopedDIRCOL [14] which appliesthe recentlarge-
scaleSQPmethodSNOPT[8] which partitionstheNLP
variablesnto basic,superbasi@andnonbasicvariables.
TheHessiarof theNLP Lagrangiaris approximatedby
limited-memoryquasi-Ne&vton updatesand a reduced
Hessianalgorithmis usedfor solvingthe QP subprob-
lems. The null-spacematrix of theworking setin each
iterationis obtainedfrom a sparse_U factorization.
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The computationakpeedugachiesable by fully uti-
lizing the NLP structureis more than a factor of one
hundredfor typical discretizedoptimal control prob-
lemswhen comparedo standard‘dense” SQP meth-
ods[15].

Remark 8. DIRCOL [14] is especiallysuitedfor solv-
ing the relaxed MIOCPsbecausef its exceptionalro-
bustnessand efficiency. Typically only a crudeinitial
guessf partsor all of the solutiontrajectoriesof are-
laxed MIOCP canbe provided. This holds especially
for the phasetransitiontimes which may have quite
different positionsat the solutionthanasthey canbe
providedinitially. Thelarge movementsf eventsfrom
their initial to their final position during the courseof
the optimizationmethodusually posehigh difficulties
for othermethods Onthe otherhand,aninitially crude
solutionestimateon a rathercoarsediscretizationgrid
is notahandicapgo DIRCOL but theusualway how the
solution procedurebegins. Finally, a relaxed MIOCP
doesnt needto besolvedto thefinestgrid neededor a
giventolerance.If the optimality error estimateof the
performancendex provided by DIRCOL is takeninto
accountthenthe computationakffort for solvingfor a
refinedgrid can be avoidedif the error estimateindi-
categhattheresultfor thecurrentgrid cannotbe below
thecurrentupperbound.

3 HYBRID OPTIMAL CONTROL PROBLEMS FOR
TRAVELING SALESMEN

In thissectionwe introduceanddiscusdwo new bench-
mark problemsfor hybrid optimal control. Their major
benefitsarethat they intuitively helpto understandhe
basic problemsencounteredn hybrid, mixed-integer
optimal control, and that they are easily scalablein

termsof their combinatorialcomplexity while the con-
tinuouscompleity remainsmoderate.

3.1 The motorized traveling salesmanproblem

Figure4: Themotorizedtraveling salesman.

A salesmarspendsis time visiting n¢ cities cyclically.
In onetour he passeshy ead city just onceand fin-
ishesup in the origin whele he started. In what or-
der shouldhe visit themto minimizethe overall travel
time? The Traveling SalesmarProblem(TSP)is one
of the mostprominentmembersf combinatorialopti-
mization problems[7, 11]. Here, we introducea hy-
brid dynamicalextensionof the TSPto demonstrat¢he
stronginteractionof continuousanddiscretedynamics
in hybrid optimal control [15] beingfirst presentedo
the scientificpublicin [13]. The salesmaris supposed
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to drive a car (Fig. 4). Thetaskis to determinethe
steeringanglevelocity y and the acceleratingr brak-
ing force (continuouscontrols)andtheorder(discrete
control)in whichthen, citiesCy = (xﬁ,yﬁ)T haveto be
visited suchthat the overall travel time is minimized.
Thereare no further restrictionson the path, i.e., the
“road”, in the (x,y)-plane.
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(b)C; -+ C3— Cy and (&) control variable 3
Cy —C3— Cy:ty =1002 (solid line); adjoint
variable), (dashedine)
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(c)C3—+C; = Cyand (a) steeringanglevelocity
C, —Cy = Ca:ty =1077 y=a (solid line); adjoint
variableAy (dashedine)

Figure5: Left: minimum time tour candidatedor 3
citiesin the (x, y)-plane; minimumtime problemsolu-
tion is (a). Right: selectedstate,control and adjoint
variabledor (a).

A simplifiedkinematicalmodelof thecaris givenby

1) = vitycoga), x(©0)=0=x(tr),

yt) = v(t)sin(a(t)), y(0)=0=y(tr),

W = B, w0) =0=\v(ty), (9)
C((t) = Y(t), G(O)a a(tf) freea
BO) < 1, Ivt)| < L.

A phasedescribeghe travel betweentwo cities. Thus,
the numberof phaseds nc + 1. Lett® denotethetime
whenthe i-th city is passed.Thenthe motorizedTSP
(MTSP)is formulatedasa MIOCP accordingo Sect.1
with u = (y,B)", x = (x,y,v,a)", we {0,1}"*"e and

rmigJ[u,m] =t (10)
r(i) (X(tlc - 0)7X(t|c + 0)7w7tic)

\Y

[ X(tt—=0) _ e xC
=0 ) -2e()  w
X(t°+0) = R (X(tF = 0), ¢ — 0) := x(tF— 0) (12)

ne ne
ZIQ)i,k =1 Y wk=1 0<wi<L (13)
= =

Thelatterconstraintensurehateachcity is visitedex-
actly onceon eachtour. Eachtour, i.e., eachfeasible
w is a permutationof n; cities. The problemis au-
tonomousand without active stateconstraints. Thus,
MTSP is symmetricasa tour driven forward or back-
wardsyieldsthe sametravel time. Therefore the num-
berof possibletoursis (n¢)! /2. Thenumberof toursin-
creasesot polynomiallywith the numberof cities. For
example for 3 citiesthenumberof toursis 3, for 5 cities
it is 60, for 10 citiesit is 1 814400, andfor 50 citiesit
is approximatelyx 1.52 x 104 Now if we assumehat
all toursfor 5 citiescanbe computedn onesecondn-
clusive the selectionof the bestone,thento solve the
problemfor 20 citiesin this way by total enumeration
will needapproximately20!/5! ~ 2.03x 10'6s ~ 643
million years.The TSPis NP-complete!

Forn. = 3citiesC; =(1,2),C, = (2,2),C3 = (2,1),
thethreepossiblgoursaredisplayedn Fig. 5 (left). For
eachof thetoursthe continuouscontrolsandswitching
timeshave beenoptimizedusing DIRCOL (Sect.2.2)
with respectto the terminaltime for a given discrete
variable,i.e., order of cities, i.e., sequencef phases.
Thereare2"ee = 512 possiblecombinationgor wand
the binary searchtree consistsof 2"%ne*+1 _ 1 = 1023
elementsbhut only (nc)! = 6 beingfeasiblewith respect
to (13). Becausef the symmetryonly threeremain.

The estimatesof the adjoint variablesprovided by
DIRCOL are usedto check the computedsolution
(Fig. 5, left (a))for consisteng to theEL-DEQsandthe
Maximum Principle: Both controlsappeardinearly in
theHamiltonianH := Axvcosa +Ayvsina +AyB+Aqy.
Thus,Ay >0=pB=—-1andA\, < 0= B =+1 are
conditionssatisfiedby the computedsolution (Fig. 5,
middleright). An analogousargumentholdsfor y and
Ao (Fig. 5, bottomright). In addition, two intervals
[0,1.28], [6.82,t¢] of singularcontrol y appearwhere
Aq(t) = 0. The existenceof thesetwo singularcon-
trol intervalsis not surprising.Becausex (0) anda((t;)
arefree,Aq(0) = 0¢/0a(0) = 0=0¢/da(ts) = Aq(tr)
musthold.

3.2 Two cooperatingmotorized traveling salesman

Two salesmerstart their tours in the origin andreturn
toit afteread city hasbeervisitedjustoncebyoneand
only one of them. Whid of the cities and in what or-
der shouldead of the salesmervisit themto minimize
the overall travel time? We considera hybrid, coop-
eratve dynamicgameextensionof the MTSP for two
salesmerrepresentinghe classof ratherautonomous
dynamicagentghatcooperateptimally [10, 13, 15)].
Thesolutionfor 5 citiesis displayedn Fig. 6. There
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Figure6: Thetoursof two cooperatingnotorizedsales-
mento 5 cities.

exist 231 i! = 306 possibletours. A problemformu-
lation with 36 binary variables[10, 13, 15] resultsin a
binarysearchreewith 237 — 1= 1.374... x 10'! nodes,
but only 306 combinationsbeingfeasiblewith respect
to the correspondindjnearconstraint$8). Thecompu-
tationfor B&B with a depth-firststrateyy takes2 hours
and45 minutesto solve for 151 nodeson a Linux-PC
with a Pentiumlll/500 MHz processar The problem
solutiontime for a single, relaxed MIOCP varied be-
tweenafew secondsindthreeminutesalthoughtheav-
eragesolutiontime perproblemwasaboutoneminute.
Theminimumtime objective only determineshe so-
lution for onesalesmaruniquely andt; only givesan

upperboundfor thetravel time of thesecondsalesman.

If the secondoneis additionallyrequiredto minimize
the enegy subjectto anoverall tour time lessor equal
tf, thenthe trajectoriesof the secondonewill alsobe
(locally) uniquelydetermined.

4 CONCLUSIONS

A first methodto solving quite generalhybrid optimal
controlsis presentedA decompositiorapproactis ap-
plied to efficiently solving fairly generalMIOCPs by
branch-and-boundnd sparsedirect collocation. The
decompositiorrelies on the capabilitesof the recently
developed,sparsedirect collocationmethodDIRCOL
for efficiently solving optimal control problemswith
multivariable nonlineardynamicsdefinedin multiple
phasessubjectto nonlinearconstraints. Furthermore,
two new benchmarkhybrid optimal control problems
arepresentedor a singleandtwo cooperatingmotor
izedtraveling salesman.

Focus of further researchwill be the derivation of
betterlower bounds,e.g.,from a dualizationof a hy-
brid maximumprinciple,and,thus,a moreefficient bi-
narysearch.Thismayalsohelpin extendingthesparse
direct collocationmethodto attain global solutionsin
caseof multiple local minima. Furthermethodsare
neededo determinegood initial estimatef the dis-
cretevariablesyielding good upperboundsand possi-
bly relaxingtheneedfor aglobalbinarysearchFinally,
towardssynthesizingeedbackcontrollersfor MIOCPs
the developmentof theoriesfor perturbationand sen-
sitivity analysisof suchproblemsareneeded.Despite
the encouragindirst results,researchn numericalhy-
brid optimalcontrolis still atthebeginning.
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