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ABSTRACT

We considerthe problemof finding optimal gaits for a quadrupedobot. Pathsare sought
which minimizetheactuationenegy requiredfor walking in anattemptto approximatenatural
motion. The numberof possiblegaitsfor a quadrupeds quitelargewhenoneconsidersaried
ordersof leg motion, differentliftof f times, andvariousgroundcontactcombinationdor the
legs. Theproblemis treatedasafully nonlinearoptimalhybrid pathplanningproblemona22-
dimensionaktatespace.Modeling aspectspur numericalapproachandexperimentalresults
arediscussedh this paper

1 INTRODUCTION

Hybrid controlproblemgeferringto systemsontainingobothcontinuousanddiscretedynamics
have receved muchinterestoverthepastfew years(3, 8, 12, 13). They areespeciallychalleng-
ing asthey maycontainswitchingdynamicsatarbitrarytimescausedy adiscretecontrolinput

or whenthe statereachephysicalboundaries Discontinuitiesin the stateareoftentheresult.

Nonlinearfeedbaclcontrolmethodshave considerablelifficulty dealingevenwith smallexam-

ple systems.Traditionalpathplanningmethodg2), thoughbettersuitedfor high-dimensional
systems.are not equippedto handlethe discretestructurein the system. Combinatorialap-

proachegb) oftenusedfor purelydiscreteproblemdack the necessargpparatugor searching
acomple, continuousstatespace.

Optimalquadrupedvalking is a problemwhich containsall the propertiesof acomplex hybrid
dynamicalsystem.The continuousdynamicsof sucha multibody systemarehigh-dimensional
and extremely nonlinear Theselie in combinationwith nonlinearalgebraicinequality and
equality constraintgesultingfrom physicalcontactwith the ervironment. With eachchange
of the supportinglegs, the dynamicsswitch with possiblediscontinuitiesin the statedue to
collisionswith the ground. Unlike the bipedcase,t is not known a priori which leg will next
liftof f or make contactwith the groundat ary giventime. This unknown variability can be
designate@sadiscretestatein thesystem With justfour legs,thequadrupedhasaremarkably
wide variety of possibledeg movementsvhichit mayperform. Previouswork hasconcentrated
primarily on heuristicstrategiesor simplified modelsto derive gait patterns.



We modelthe quadrupedas a tree-structurednultibody systemand userecursve, symbolic
algorithmsto calculatethe dynamics,collision effects, and kinematicconstraints. A similar
approachwasusedfor determiningminimum enegy pathsof bipedwalking (7). A particular
gaitpatternrmaybeformulatedasanoptimalcontrolproblemwheretheobjectveis to minimize
therequiredactuationenegy. We solve this problemusingthedirectcollocationmethodbased
on a parametrizatiorof the continuousstateandcontrol variablesandon large-scalenonlinear
programming.The generalityandpower of this type of numericalapproachallows usto solve
within a gait classificatiorfor theminimumenegy, periodicmotionof a quadrupedvith afull,
dynamicalmodelmoving in the sagittalplane. Leg liftoff and collision times, stride length,
and forward velocity are all continuousparametersvhich may be optimized. This aloneis
a challenginghybrid problemwith switching dynamicsand jump conditionswhich has not
previously beensolved. Severaldifferentoptimalgait patternsarecomparednddiscussedhere
togetherwith experimentalresults. A numericalapproachs describedor the solutionof the
globalhybrid problemin which the optimal orderof leg movementds alsoto bedetermined.

2 HYBRID OPTIMAL CONTROL PROBLEM OF OPTIMAL GAITS

2.1 Quadruped locomotion

Someimportantdefinitionswhich we will make use of are: stride: completecycle of leg
movementsvhereeachleg hasbeensetdown once;stride length: distancdraveledin astride;
duty factor: fraction of durationof a stride for which the leg is in contactwith the ground;
relative phase: stageof the stride at which the leg is setdown expressedasthe fraction of
thedurationof the stridefollowing the settingdown of anarbitrarily choserreferencdeg. We
may thusdistinguishwalks from runsin thatwalks have duty factorsgreaterthan0.5. Also,
symmetricgaitsarethosefor which theleft andright legsof a pair have equalduty factorsand
relatve phasedgliffering by 0.5.

Table 1: Common quadruped gaits and relative phasesof legs(1).

Leg 1l Leg 2
Relative Phasesf Legs
GaitName Legl | Leg2 | Leg3 | Leg4
amble 0 0.5 0.25 | 0.75
trot 0 0.5 0 0.5
pace 0 0.5 0.5 0
canter 0 0.3 0 0.7
transersegallop 0 0.1 0.6 0.5 / \
bound 0 0 0.5 0.5 Leg 4 Leg 3

A detailedstudy of biped and quadrupedjaits may be found in the paperby Alexander(1)
includingalist of somecommonlyfoundgaitsin animals seeTablel. Thelist is notexhaustve,
andtherelative phaseglivenfor therespectie gaitsarenotfixedbut mayvary dependingnthe
shapeandsizeof the animal. In this paper we will studyonly the symmetricgaitsambleand
trot. Futurework will extendour analysisto all possiblewalksandruns. In nature, symmetric
gaitsare more commonin quadrupedsluring walking or slow running. Within the classof
symmetricgaits,mammalgendto amblewhenwalking andto trot duringslow running,though
mary exceptionsexist. Reptiles,for example,trot evenduringslow walking (1).

Not givenin Table 1 arethe duty factorswhich describethe fraction of time thata leg is in
contactwith the groundandwhich may vary considerablydependingon the traveling speed.



Table 2: Physical data of the quadruped model.
Link Mass Length Radius
Torso 20kg 0.5m 0.12m
UpperLeg 7kg 0.32m 0.07m
LowerLeg 4kg 0.32m 0.05m

Alone for the gaitswe will considerhere,at arny momentthere may be two, three, or four

legsin contactwith the ground. We denotethe separatiorof a leg with the groundasliftoff

a leg making groundcontactasa collision. With eachliftoff or collision, a new phasewith

its respectre dynamicsbegins, andtheremay occurmultiple liftof fs andcollisionsat a phase
transition. After a collision, aleg may entereithera contactstateor slipping state thoughwe

will focusonly onthe contactpossibilityhere.

2.2 Hybrid dynamic model

Ourmodelfor thequadrupedonsistof a9-link tree-structuredultibodysystemwith acentral
torsoand4 two-link legs. Thelinks aremodeledasellipsoidswith a uniform densityof mass,
thoughpreliminarycalculationsare performedusing point masses.The motionis constrained
to the2-dimensionaVerticalsagittalplane;thus,we considermonly forward, steady-statenotion
without lateralmovement.The physicaldatausedin our experimentsanbe foundin Table2.

The 22 continuousstateand8 controlvariablesof the quadrupedanodelarefor legsi = 1, ..., 4:

X1, X2, X3 torsoorientationandpositionin thevertical plane

Xa, X5, X6 torsoangularandlinearvelocity

Xdi+35 Xdi+4 anglepositionandvelocity of leg i hip (2.1)
X4i+5,X4i+6 anglepositionandvelocity of leg i knee

Ugi_1, Upj appliedtorqueatlegi hip andknee

A discretestatevariableq; is alsoassociateavith eachleg anddescribeghe contactsituation
of theith leg with thegroundattimet:
1, nocontactor swingingphase
a:[0t] - {1,23},i=1,...,4, q(t)=4 2, fixedcontactphase (2.2)
3, slippingcontactphase
Here,we restrictoursehesto g; € {1,2}. Thus,the numberof possiblediscretestatesattimet
is 24 = 16.

Figure 1 displaysthe quadrupechybrid automaton.The nodescontainthe component®f the
discretestatefor which g = 2, i.e. leg i is in contactstate. Every edgerepresents possible
discretetransition. The principal quadrupedvalking objectie is to traverseeachof the four
regions separatedy the dashedines so that eachleg will have madecontactoncewith the
ground.Thegraphcorveystheenormoudiscretecomplexity of the problem.

At eachnodeof thehybridautomatona continuoussetof dynamicsdescribehestateevolution.
Theseequationsarefunctionsof the continuousstatesx(t), discretestatesg(t), controlsu(t),
parameterp, andtimet,

fH(x(®),u®),at),pt), t € [to,tsal,
X(t) =< fKx(),u(t),qt),p,t), t € [tsk1,tsk], k=2,...,m—1 (2.3)
fm(X(t),U(t),Q(t),p,t), t € [tS,m—l,tf],
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Figure 1: Hybrid automatonfor the quadruped. The numbersin parenthesesorrespond
to the support legsin that discrete state. Edgesindicate discretetransitions.

wherethe discretestateq(t) remainsconstanin eachphase.The stateequationf the biped
walker may be obtainedfrom the multibody dynamicalequationsxperiencingcontactforces,

=M u+f.—C-¢G). (2.4)

In Equation(2.4), the statex(t) = (8,6) containsthe minimal generalizectoordinatesof the
systemasgivenby (2.1), M (0) is the square positive-definitemass-inertiamatrix, C(6,0) is
the vectorof Coriolis andcentrifugalforces, G(8) is a vectorof gravitationalforces,u arethe
appliedtorquesatthelinks, J;(0) is the constraintlacobianand f. is the constrainforce.

For computingthe multibody equationsof motion,we userecursve, symbolicmultibodyalgo-
rithmsbasedntheworkin (9). A furtherdevelopmenbf thesealgorithmstogethemwith special
reduceddynamicsalgorithmsintendedor leggedmachinesnaybefounddescribedn (7). The
reduceddynamicsalgorithmsallow the equation®f motionto berepresenteth areducedorm
eliminating the contactequality constraints thus corverting the differential-algebraisystem
into an ODE system. A collision of a leg with the groundis modeledas an instantaneous,
plastic collision. An impulsive force is therebyintroducedto the contactlegs which in turn
producesa discontinuougumpin thegeneralizedrelocities.In addition,the unknavn constant
parameter$ which influencethe dynamicsare: p; : stride length(m), p, : offsetof opposing
legs(m), p3 : average forward velocity(m/min) Thetime eventstsy atwhichthevariousphases
occurarealsounknavn andarefreeto vary. Furthermorethethird parameteps canbe fixed
atadesiredvalueif we wishto find theoptimalgaitat a givenforwardvelocity.

2.3 Hybrid optimal control

We areinterestedn gaitpatternsvhichminimizetheinjectedenegy permetertraveledrequired

for periodiclocomotion. This canbe measuredip to a proportionalityconstani@asthe squared
integral of theappliedtorquesdividedby thelengthof the stride. We formulatethis problemas

the optimal hybrid controlproblem:

m

> [ " u) T ) /ey (2.5)

J(u) = min(
=07t

u

subjectto the nonlineardynamicg(2.3) andlocationinvariant conditions:

(x(t),u(t)) €nv(g)  x(t) e X C R™, ut) eU c R, qe QC ZM (2.6)



wherelnv is calledthe location invariant (13) of g. This function definesfor a discretestate
g the valid regions of the the continuousstatespaceX andcontinuouscontrol spaceJ. The
locationinvariantconditionmay alsobe expressedvith inequalityandequalitycontraints,

ok (x(1),u(t),q(t),p,t) > 0, t€[tsk 1,5k, i=1..,ng, k=1...,m,
hk(x(t),u(t),q(t), p,t) 0, t€ [tsk—1,tsK; i=1,...,nk, k=1...m

Additional constraintsxist at thetime eventsts whenadiscretetransitionq — ¢ takesplace.
In this casethefollowing functionsmustbe satisfied:

(X(ts) u(tgk),x(tgk), u(tgk)) € Guardgy
X(tg) € Jumpg(X(tgy),u(tsy))

2.7)

(2.8)

wherex andu evaluatedat (tg,) and x(tgk) representhe valuesbeforeandafterthe kI time
eventrespectrely. Thefunction Guard determinesf a discretestatetransitionmay take place,
andthefunctionJumpprescribeghejumpin the continuousstateasa resultof a changean the
discretestate.Thesefunctionsmay alsobe written asboundaryconstraintsat thetime events.

ril(x(tO)7u(t0)7q07 p,O,X(tf),U(tf),Qf,tf) =0 [ 1,...,rrkn
rik(x(tS_,k)7 u(tS_,k)a Q(tgk), P tS,ka X(tgk)7 u(tgk)v Q(t;rk)) =0 k = 27 cee, M= 1
(2.9
We only considehereautonomouswitchingin which a discretestatetransitionis forcedinter-
nally by the constrainton the problemratherthanthrougha discretecontrolaction.

In relationto the optimal gait problem,we make thefollowing associations:

Inv The continousstatesx mustsatisfykinematicconstraintsdependingiponwhich legs
arein contactwith theground.The contactforcesmustpoint upwardsandthe horizontalforces
mustbe smallenoughsuchthatit doesnot enterinto a slippingstate.

Guard A leg canbreakcontactwith the groundwhenthe verticalcontactforcereachesero
whichmayhapperonits own or asaresultof collision with anothedeg with theground.A leg
makescontactwith thegroundwhenin the properkinematicconfiguration.

Jump At acollision of aleg(s)with theground,a discontinuougump in the statevelocities
occursasaresultof animpulseforce(s)propagatinghroughouthe body:

3 NUMERICAL HYBRID OPTIMAL CONTROL

The numericalsolutionof generahybrid systemss still in its infangy. Preciselythe unknovn

switchingstructurej.e. the discretestatetrajectory of the control problemis whattraditional
numericaloptimal control programshave difficulty handling. Sucha framewvork cannot be
treateddirectly by gradient-basedpproachesor with purely discreteoptimizationmethods.
In (3), algorithmswere presentedor the solution of optimal hybrid control problems,and
more recentefforts for developing new algorithmsmay be foundin (8, 12). The algorithms
are characterizedby a discretizationof the stateand control spacesso asto approximatethe
optimized cost function and therebyproducethe optimal control actions. In practice,these
approachesuffer severly from the well-known curseof dimensionalityandwould not be well-

suitedfor solvingfor optimalquadrupedjaits.

Here,we outline a differentapproactrelatedto thatin (4, 11). Assumingthe existenceof a
lowerboundonthelengthtsy. 1 —tsk of aphaseand,thus,excludingchatteringherewill only



beafinite numberof phasedor afinite final timet;. Furthermoreassuminga givennumberm
of phasesandq beingconstanin eachphasetheneachq;(t), 0 <t < t; canbedescribedy a
vectorof integersz € Z™ with q(t) = z in thei-th phase Thus,thehybrid optimalcontrolprob-
lemis transcribednto a mixed-intger optimal control problem Furthermoreintegervariables
cangenerallybe describedoy binary variables thusobtaininga mixed-binaryoptimal control
problem(4, 11). A BranchandBound (B&B) techniqueis thenappliedto searchthe entire
solution spaceby doing a truncatedbinary tree searchfor the discretevariablesmaintaining
upperandlower boundson the performancendex. The binary variablesare partially relaxed
(allowedto vary betweer0 and1) at aninner nodethusdefiningan optimal control problem
with dynamicequationgdefinedin multiple phaseslts solutionprovidesa lower boundon the
performancendex for all nodesof the subtree.If the lower boundis greaterthanthe current
globalupperboundthenthe entiresubtredas fathomed.

We usesparsalirectcollocation(10) for solvingfor the optimalopen-loopcontrolsu*(t) to the
multiphaseoptimal control problem. It is equippedto handlegeneralnonlinearequality and
inequality contraintson the statesand controlsincluding magnitudebounds,multiple phases
with switching dynamics,jumps in the statesand controls, and objectves with continuous
anddiscretecosts. This programusesan optimizationmethodbasedon the methodof direct
collocationwhich solvesfor the statesand controlsat an (unknowvn) sequencef time points

tgj1=1t] <t <. <thy, =tg,

~ R IR S | .
Gappt) = B(0(t),alty " ), B—linear  _.j.j

o . ok i ci . € [t,t (3.1)
apl) = a(D. A0, 66y, a—cupie | C ot
where fJ = fi(i(tli),ﬁ(tli),qi,p,tli). A finite-dimensionalconstrainedhonlinearprogramis
therebyobtainedfor a fixed value of q andthe unknownn valuesfor x,u, p,E. The problemis
thensolvedusingan SQP-basedptimizationcodefor sparsesystemsSNOPT(6).

The numericalcalculationalapproachfor solving hybrid optimal controls describedhereis
basedon making cutsin the discretesearchtree suchthat the discretecompleity becomes
manageable Sinceeven with very few discretestatesthe numberof potentialpathsmay be
enormousatotalenumeratiorof all possibilitiesis generallynotfeasible.For example,assume
4 discretestateswith only 5 phasesthenwe have up to (2*)° = 1,048 576 possiblediscrete
statetrajectories. However, in the caseof the quadrupedthis numbercan be reducedwith
additionalassumptionsuchassymmetryandrestrictingthe possiblediscretetransitions.

4 NUMERICAL OPTIMAL WALKING —EXPERIMENTS AND STRATEGY

4.1 Numerical experiments

It is to be expectedthat for our quadrupednodel, differentwalking patternswill be optimal

at differentdesiredwalking speeds.In (1), a studywaspresentedn which for differentfour-

leggedanimals awide variationof gait patternsexisteddependingn averageforwardvelocity.

A horse for example,will firstamble,thentrot, canter andfinally gallop. In our experiments,
we studythe enepgy requirementgor the optimalwalk of two differentgait patternstheamble
andthetrot.

We first solved for the minimum enegy open-loopcontrolsat the eight hip and kneekoints
with respectto a point massmodelof our quadruped.Using symmetryconstraintswe were
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Figure 2: Minimum enemy plots and optimal strides Figure 3: Relative phasesof

for amble and tr ot walking gaits. the optimal amble and trot
gaits. Numbersin parentheses
indicate the support legs.

ableto formulatethe problemashalf a stride. Eachleg movesindividually andthe next leg

breakscontactat the samemomentasthe previousleg collideswith the ground. As expected
the optimumforward speedies at therelatively low velocity of 6.39m/sec SeeFigure2. The
optimalstridelengthsareasexpectedmonotonicallyincreasingwith increasedspeed.

Thetrot gait, on the otherhand,is characterizedby two diagonallyopposedegs swingingsi-
multaneouslyAfter collision, ashortfull contactphasas modeledwvhereall legsarein contact
with the ground. Figure 2 displayshow this gait is noticeablymore efficient at higherspeeds
having anoptimalforwardvelocity of 13.0m/se¢thoughthereexistsapointslow enoughat7.0
m/secfor which amblebecomesnoreefficient. Figure 3 displaysthe optimal relative phases
for boththeambleandtrot gaitsattheir optimalvelocity. Theamblerelative phasegliffer from
Tablel, mostlikely dueto the particularconstructionof our quadrupedseeTable?2. Figure3
alsoillustrateshow the optimalhybrid trajectoriesof eachgait patterncorrespondo the hybrid
automatorpresentedn Figurel. Thenumbersn parenthesegive the numbersof the support
legsandcorrespondo thecurrenthybrid stateof thesystem.Thesesxperimentalesultspresent
two radically differenthybrid trajectorieswith differentdiscretetransitions.

4.2 Solvingfor global solutionsof quadruped walking.

Thoughwe have solvedfor the optimal hybrid trajectorieswithin two gait classe$aving opti-

mizedover the relative phasesandthe duty factorsof the legs, whatremainsis to searchover
all gait classifications.To this end,work is in progresgo implementthe schemedescribedn

Section3 building uponthe work in (11). A relaxationof the discretestatevariablesin the
discretesearchreewill resultin themodelingof a continuougangebetweercontactandafree
swingingleg. Physically this canbe interpretedasa soft groundwith a spring-forcecontact
conditionanda variablefriction coeficient. This approaclcannotsearchover all gait classifi-
cationsandmay not evenincludeboth the trot andambleconsiderecdere. This local optimal



hybrid searchwould serne, however, to significantlyreducethe discretecompleity. Neighbor
ing solutionswhich mayincludea full leg contactphasen betweerswingingphasesanthen
simultaneouslpe considereavith thosewhich do not. A remainingenumeratiorof the other
regionsof thediscretestatespacewvould thenbe possible.

5 CONCLUSION

Our investigationinto the generationof minimum enegy symmetric, periodic gaits gathers
togetherseveraldifferentresearctareasn the modelingandcontrolof comple, nonlinearand

hybrid systemsOur ability to solve this problemhasreliedupontheuseof recursve, symbolic
multibody algorithmscoupledwith powerful numericaloptimal control software. We frame

the problemof finding the bestgait for a quadrupedor a given velocity asa hybrid optimal

controlproblem.To a certainextent,we arealreadyableto solve this problem.Our preliminary
resultsdemonstratéhe powerandpotentialof thesenumericaimethods.Thecompleteproblem
is a challengingproblemin hybrid optimal control, andthis work represents first stepin the

directionof providing efficient numericaltoolsfor handlingtheseproblems.
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