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ABSTRACT

We considerthe problemof finding optimal gaits for a quadrupedrobot. Pathsare sought
whichminimizetheactuationenergy requiredfor walking in anattemptto approximatenatural
motion.Thenumberof possiblegaitsfor a quadrupedis quitelargewhenoneconsidersvaried
ordersof leg motion, different liftof f times,andvariousgroundcontactcombinationsfor the
legs.Theproblemis treatedasa fully nonlinearoptimalhybridpathplanningproblemona22-
dimensionalstatespace.Modelingaspects,our numericalapproach,andexperimentalresults
arediscussedin this paper.

1 INTRODUCTION

Hybrid controlproblemsreferringto systemscontainingbothcontinuousanddiscretedynamics
havereceivedmuchinterestoverthepastfew years(3, 8, 12, 13). They areespeciallychalleng-
ing asthey maycontainswitchingdynamicsatarbitrarytimescausedby adiscretecontrolinput
or whenthestatereachesphysicalboundaries.Discontinuitiesin thestateareoftentheresult.
Nonlinearfeedbackcontrolmethodshaveconsiderabledifficulty dealingevenwith smallexam-
ple systems.Traditionalpathplanningmethods(2), thoughbettersuitedfor high-dimensional
systems,arenot equippedto handlethe discretestructurein the system. Combinatorialap-
proaches(5) oftenusedfor purelydiscreteproblemslack thenecessaryapparatusfor searching
acomplex, continuousstatespace.

Optimalquadrupedwalking is aproblemwhichcontainsall thepropertiesof acomplex hybrid
dynamicalsystem.Thecontinuousdynamicsof suchamultibodysystemarehigh-dimensional
and extremely nonlinear. Theselie in combinationwith nonlinearalgebraicinequality and
equalityconstraintsresultingfrom physicalcontactwith the environment. With eachchange
of the supportinglegs, the dynamicsswitch with possiblediscontinuitiesin the statedue to
collisionswith theground.Unlike thebipedcase,it is not known a priori which leg will next
liftof f or make contactwith the groundat any given time. This unknown variability canbe
designatedasadiscretestatein thesystem.With just four legs,thequadrupedhasaremarkably
widevarietyof possibleleg movementswhich it mayperform.Previouswork hasconcentrated
primarily on heuristicstrategiesor simplifiedmodelsto derivegait patterns.



We model the quadrupedasa tree-structuredmultibody systemanduserecursive, symbolic
algorithms� to calculatethe dynamics,collision effects,andkinematicconstraints.A similar
approachwasusedfor determiningminimumenergy pathsof bipedwalking (7). A particular
gaitpatternmaybeformulatedasanoptimalcontrolproblemwheretheobjectiveis to minimize
therequiredactuationenergy. Wesolve thisproblemusingthedirectcollocationmethodbased
on a parametrizationof thecontinuousstateandcontrolvariablesandon large-scalenonlinear
programming.Thegeneralityandpower of this typeof numericalapproachallows usto solve
within agaitclassificationfor theminimumenergy, periodicmotionof aquadrupedwith a full,
dynamicalmodelmoving in the sagittalplane. Leg liftof f andcollision times,stride length,
and forward velocity are all continuousparameterswhich may be optimized. This aloneis
a challenginghybrid problemwith switching dynamicsand jump conditionswhich hasnot
previouslybeensolved.Severaldifferentoptimalgaitpatternsarecomparedanddiscussedhere
togetherwith experimentalresults.A numericalapproachis describedfor the solutionof the
globalhybridproblemin which theoptimalorderof leg movementsis alsoto bedetermined.

2 HYBRID OPTIMAL CONTROL PROBLEM OF OPTIMAL GAITS

2.1 Quadruped locomotion
Someimportantdefinitionswhich we will make useof are: stride: completecycle of leg
movementswhereeachleg hasbeensetdown once;stride length: distancetraveledin astride;
duty factor: fraction of durationof a stridefor which the leg is in contactwith the ground;
relative phase: stageof the strideat which the leg is setdown expressedas the fraction of
thedurationof thestridefollowing thesettingdown of anarbitrarily chosenreferenceleg. We
may thusdistinguishwalks from runsin that walks have duty factorsgreaterthan0.5. Also,
symmetricgaitsarethosefor which theleft andright legsof a pair haveequalduty factorsand
relativephasesdifferingby 0.5.

Table 1: Commonquadruped gaitsand relativephasesof legs(1).

Relative Phasesof Legs
GaitName Leg 1 Leg 2 Leg 3 Leg 4
amble 0 0.5 0.25 0.75
trot 0 0.5 0 0.5
pace 0 0.5 0.5 0
canter 0 0.3 0 0.7
transversegallop 0 0.1 0.6 0.5
bound 0 0 0.5 0.5

Leg 1 Leg 2

Leg 4 Leg 3

A detailedstudy of bipedandquadrupedgaitsmay be found in the paperby Alexander(1)
includingalist of somecommonlyfoundgaitsin animals,seeTable1. Thelist is notexhaustive,
andtherelativephasesgivenfor therespectivegaitsarenotfixedbut mayvarydependingonthe
shapeandsizeof theanimal. In this paper, we will studyonly thesymmetricgaitsambleand
trot. Futurework will extendour analysisto all possiblewalksandruns. In nature,symmetric
gaitsaremorecommonin quadrupedsduring walking or slow running. Within the classof
symmetricgaits,mammalstendto amblewhenwalkingandto trot duringslow running,though
many exceptionsexist. Reptiles,for example,trot evenduringslow walking (1).

Not given in Table1 are the duty factorswhich describethe fraction of time that a leg is in
contactwith the groundandwhich may vary considerablydependingon the traveling speed.



Table2: Physicaldata of the quadruped model.
Link Mass Length Radius
Torso 20kg 0.5m 0.12m
UpperLeg 7 kg 0.32m 0.07m
LowerLeg 4 kg 0.32m 0.05m

Alone for the gaits we will considerhere,at any momenttheremay be two, three,or four
legs in contactwith the ground. We denotethe separationof a leg with the groundas liftoff
a leg makinggroundcontactasa collision. With eachliftof f or collision, a new phasewith
its respective dynamicsbegins,andtheremayoccurmultiple liftof fs andcollisionsat a phase
transition.After a collision, a leg mayentereithera contactstateor slippingstate,thoughwe
will focusonly on thecontactpossibilityhere.

2.2 Hybrid dynamic model
Ourmodelfor thequadrupedconsistsof a9-link tree-structuredmultibodysystemwith acentral
torsoand4 two-link legs. Thelinks aremodeledasellipsoidswith a uniform densityof mass,
thoughpreliminarycalculationsareperformedusingpoint masses.Themotion is constrained
to the2-dimensionalverticalsagittalplane;thus,weconsideronly forward,steady-statemotion
without lateralmovement.Thephysicaldatausedin our experimentscanbefoundin Table2.

The22continuousstateand8 controlvariablesof thequadrupedmodelarefor legs i � 1 ��������� 4:
x1 � x2 � x3 torsoorientationandpositionin theverticalplane
x4 � x5 � x6 torsoangularandlinearvelocity
x4i � 3 � x4i � 4 anglepositionandvelocityof leg i hip
x4i � 5 � x4i � 6 anglepositionandvelocityof leg i knee
u2i � 1 � u2i appliedtorqueat leg i hip andknee

(2.1)

A discretestatevariableqi is alsoassociatedwith eachleg anddescribesthecontactsituation
of the ith leg with thegroundat time t:

qi :
	
0 � t f 
���
 1 � 2 � 3 ��� i � 1 ��������� 4 � qi � t ��� ���� 1 � nocontactor swingingphase

2 � fixedcontactphase
3 � slippingcontactphase

(2.2)

Here,we restrictourselvesto qi � 
 1 � 2 � . Thus,thenumberof possiblediscretestatesat time t
is 24 � 16.

Figure1 displaysthequadrupedhybrid automaton.Thenodescontainthecomponentsof the
discretestatefor which qi � 2, i.e. leg i is in contactstate.Every edgerepresentsa possible
discretetransition. The principal quadrupedwalking objective is to traverseeachof the four
regionsseparatedby the dashedlines so that eachleg will have madecontactoncewith the
ground.Thegraphconveys theenormousdiscretecomplexity of theproblem.

At eachnodeof thehybridautomaton,acontinuoussetof dynamicsdescribethestateevolution.
Theseequationsarefunctionsof the continuousstatesx � t � , discretestatesq � t � , controlsu � t � ,
parametersp, andtime t,

ẋ � t ��� �� � f 1 � x � t ��� u � t ��� q � t ��� p � t ��� t � 	
t0 � tS� 1
 �

f k � x � t ��� u � t ��� q � t ��� p � t ��� t � 	
tS� k � 1 � tS� k 
 � k � 2 ��������� m  1

f m � x � t ��� u � t ��� q � t ��� p � t �!� t � 	
tS�m� 1 � t f 
 � (2.3)
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Figure1: Hybrid automaton for the quadruped. The numbers in parenthesescorrespond
to the support legsin that discretestate.Edgesindicate discretetransitions.

wherethediscretestateq � t � remainsconstantin eachphase.Thestateequationsof thebiped
walkermaybeobtainedfrom themultibodydynamicalequationsexperiencingcontactforces,

θ̈ �#" � 1 � u $ JT
c fc  &%' )(*�+� (2.4)

In Equation(2.4), the statex � t �,� � θ � θ̇ � containsthe minimal generalizedcoordinatesof the
systemasgivenby (2.1), " � θ � is the square,positive-definitemass-inertiamatrix, % � θ � θ̇ � is
thevectorof Coriolis andcentrifugalforces, ( � θ � is a vectorof gravitational forces,u arethe
appliedtorquesat thelinks, Jc � θ � is theconstraintJacobian,and fc is theconstraintforce.

For computingthemultibodyequationsof motion,weuserecursive,symbolicmultibodyalgo-
rithmsbasedonthework in (9). A furtherdevelopmentof thesealgorithmstogetherwith special
reduceddynamicsalgorithmsintendedfor leggedmachinesmaybefounddescribedin (7). The
reduceddynamicsalgorithmsallow theequationsof motionto berepresentedin areducedform
eliminating the contactequalityconstraints,thusconverting the differential-algebraicsystem
into an ODE system. A collision of a leg with the groundis modeledas an instantaneous,
plasticcollision. An impulsive force is therebyintroducedto the contactlegs which in turn
producesadiscontinuousjump in thegeneralizedvelocities.In addition,theunknown constant
parametersp which influencethedynamicsare: p1 : stride length(m), p2 : offsetof opposing
legs(m), p3 : averageforward velocity(m/min). ThetimeeventstS� k atwhichthevariousphases
occurarealsounknown andarefreeto vary. Furthermore,thethird parameterp3 canbefixed
ata desiredvalueif wewish to find theoptimalgaitat agivenforwardvelocity.

2.3 Hybrid optimal control
Weareinterestedin gaitpatternswhichminimizetheinjectedenergypermetertraveledrequired
for periodiclocomotion.This canbemeasuredup to a proportionalityconstantasthesquared
integralof theappliedtorquesdividedby thelengthof thestride.We formulatethisproblemas
theoptimalhybridcontrolproblem:

J � u��� min
u - m

∑
j . 0

/ t j 0 1

t j

u � t � Tu � t � dt 132 p1 (2.5)

subjectto thenonlineardynamics(2.3)andlocationinvariantconditions:� x � t ��� u � t ��� � Inv � q� x � t � � X 465 nx � u � t � � U 475 nu � q � Q 4)8 nq (2.6)



whereInv is calledthe location invariant (13) of q. This function definesfor a discretestate
q9 the valid regionsof the the continuousstatespaceX andcontinuouscontrol spaceU . The
locationinvariantconditionmayalsobeexpressedwith inequalityandequalitycontraints,

gk
i � x � t ��� u � t ��� q � t ��� p � t �;: 0 � t � 	 tS� k � 1 � tS� k 
 � i � 1 ��������� ngk

m
� k � 1 ��������� m�

hk
i � x � t ��� u � t ��� q � t ��� p � t �<� 0 � t � 	 tS� k � 1 � tS� k 
 � i � 1 ��������� nhk

m
� k � 1 ��������� m� (2.7)

Additionalconstraintsexist at thetimeeventstS� k whenadiscretetransitionq � q= takesplace.
In this case,thefollowing functionsmustbesatisfied:� x � t �S� k ��� u � t �S� k ��� x � t �S� k ��� u � t �S� k ��� � Guardq � q>

x � t �S� k � � Jumpq � q> � x � t �S� k ��� u � t �S� k ��� (2.8)

wherex andu evaluatedat � t �S� k � andx � t �S� k � representthevaluesbeforeandafter thekth time
eventrespectively. ThefunctionGuard determinesif a discretestatetransitionmaytake place,
andthefunctionJumpprescribesthejump in thecontinuousstateasa resultof a changein the
discretestate.Thesefunctionsmayalsobewrittenasboundaryconstraintsat thetimeevents.

r1
i � x � t0 ��� u � t0 ��� q0 � p � 0 � x � t f ��� u � t f ��� qf � t f � � 0

rk
i � x � t �S� k ��� u � t �S� k ��� q � t �S� k ��� p � tS� k � x � t �S� k ��� u � t �S� k ��� q � t �S� k ���?� 0

i � 1 ��������� rk
m

k � 2 ��������� m  1
(2.9)

Weonly considerhereautonomousswitching in whichadiscretestatetransitionis forcedinter-
nally by theconstraintson theproblemratherthanthroughadiscretecontrolaction.

In relationto theoptimalgait problem,wemake thefollowing associations:
Inv Thecontinousstatesx mustsatisfykinematicconstraintsdependinguponwhich legs
arein contactwith theground.Thecontactforcesmustpointupwardsandthehorizontalforces
mustbesmallenoughsuchthatit doesnotenterinto aslippingstate.
Guard A leg canbreakcontactwith thegroundwhentheverticalcontactforcereacheszero
whichmayhappenon its own or asaresultof collisionwith anotherleg with theground.A leg
makescontactwith thegroundwhenin theproperkinematicconfiguration.
Jump At a collision of a leg(s)with theground,a discontinuousjump in thestatevelocities
occursasa resultof animpulseforce(s)propagatingthroughoutthebody.

3 NUMERICAL HYBRID OPTIMAL CONTROL

Thenumericalsolutionof generalhybrid systemsis still in its infancy. Preciselytheunknown
switchingstructure,i.e. thediscretestatetrajectory, of thecontrolproblemis what traditional
numericaloptimal control programshave difficulty handling. Sucha framework can not be
treateddirectly by gradient-basedapproachesnor with purely discreteoptimizationmethods.
In (3), algorithmswere presentedfor the solution of optimal hybrid control problems,and
morerecentefforts for developingnew algorithmsmay be found in (8, 12). The algorithms
arecharacterizedby a discretizationof the stateandcontrol spacesso asto approximatethe
optimizedcost function and therebyproducethe optimal control actions. In practice,these
approachessuffer severly from thewell-known curseof dimensionalityandwould not bewell-
suitedfor solvingfor optimalquadrupedgaits.

Here,we outline a differentapproachrelatedto that in (4, 11). Assumingthe existenceof a
lowerboundonthelengthtS� k� 1  tS� k of aphaseand,thus,excludingchatteringtherewill only



beafinite numberof phasesfor afinite final time t f . Furthermore,assuminga givennumberm
of@ phasesandq beingconstantin eachphase,theneachqi � t ��� 0 A t A t f canbedescribedby a
vectorof integersz � 8 m with q � t �3� zi in thei-th phase.Thus,thehybridoptimalcontrolprob-
lem is transcribedinto amixed-integer optimalcontrol problem. Furthermore,integervariables
cangenerallybedescribedby binaryvariables,thusobtaininga mixed-binaryoptimalcontrol
problem(4, 11). A BranchandBound(B&B) techniqueis thenappliedto searchthe entire
solutionspaceby doing a truncatedbinary treesearchfor the discretevariablesmaintaining
upperandlower boundson theperformanceindex. The binaryvariablesarepartially relaxed
(allowed to vary between0 and1) at an inner nodethusdefiningan optimal control problem
with dynamicequationsdefinedin multiple phases.Its solutionprovidesa lower boundon the
performanceindex for all nodesof thesubtree.If the lower boundis greaterthanthe current
globalupperboundthentheentiresubtreeis fathomed.

Weusesparsedirectcollocation(10) for solvingfor theoptimalopen-loopcontrolsuB � t � to the
multiphaseoptimal control problem. It is equippedto handlegeneralnonlinearequalityand
inequalitycontraintson the statesandcontrolsincluding magnitudebounds,multiple phases
with switching dynamics,jumps in the statesand controls, and objectives with continuous
anddiscretecosts. This programusesan optimizationmethodbasedon the methodof direct
collocationwhich solvesfor the statesandcontrolsat an (unknown) sequenceof time points
tS� j � 1 � t j

1 C t j
2 CED�D�DFC t j

nG G j � tS� j ,
ũapp� t �H� β � û � t j

k ��� û � t j � 1
k ����� β  linear

x̃app� t �I� α � x̂ � t j
k ��� x̂ � t j � 1

k ��� f j
k � f j

k� 1 ��� α  cubic
t � 	 t j

k � t j
k � 1
 (3.1)

where f j
k � f j � x̂ � t j

k ��� û � t j
k ��� q j � p � t j

k � . A finite-dimensionalconstrainednonlinearprogramis
therebyobtainedfor a fixedvalueof q andthe unknown valuesfor x � u � p � E. The problemis
thensolvedusinganSQP-basedoptimizationcodefor sparsesystemsSNOPT(6).

The numericalcalculationalapproachfor solving hybrid optimal controlsdescribedhere is
basedon making cuts in the discretesearchtree suchthat the discretecomplexity becomes
manageable.Sinceeven with very few discretestatesthe numberof potentialpathsmay be
enormous,atotalenumerationof all possibilitiesis generallynot feasible.For example,assume
4 discretestateswith only 5 phases,thenwe have up to � 24 � 5 � 1 � 048� 576 possiblediscrete
statetrajectories. However, in the caseof the quadruped,this numbercan be reducedwith
additionalassumptionssuchassymmetryandrestrictingthepossiblediscretetransitions.

4 NUMERICAL OPTIMAL WALKING – EXPERIMENTS AND STRATEGY

4.1 Numerical experiments
It is to be expectedthat for our quadrupedmodel,differentwalking patternswill be optimal
at differentdesiredwalking speeds.In (1), a studywaspresentedin which for differentfour-
leggedanimals,awidevariationof gaitpatternsexisteddependingonaverageforwardvelocity.
A horse,for example,will first amble,thentrot, canter, andfinally gallop. In our experiments,
westudytheenergy requirementsfor theoptimalwalk of two differentgait patterns:theamble
andthetrot.

We first solved for the minimum energy open-loopcontrolsat the eight hip andkneekoints
with respectto a point massmodelof our quadruped.Using symmetryconstraints,we were
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ableto formulatethe problemashalf a stride. Eachleg movesindividually andthe next leg
breakscontactat thesamemomentastheprevious leg collideswith theground. As expected
theoptimumforwardspeedlies at therelatively low velocity of 6.39m/sec. SeeFigure2. The
optimalstridelengthsareasexpectedmonotonicallyincreasingwith increasedspeed.

The trot gait, on theotherhand,is characterizedby two diagonallyopposedlegsswingingsi-
multaneously. After collision,ashortfull contactphaseis modeledwhereall legsarein contact
with theground. Figure2 displayshow this gait is noticeablymoreefficient at higherspeeds
having anoptimalforwardvelocityof 13.0m/sec, thoughthereexistsapointslow enoughat7.0
m/secfor which amblebecomesmoreefficient. Figure3 displaysthe optimal relative phases
for boththeambleandtrot gaitsat theiroptimalvelocity. Theamblerelativephasesdiffer from
Table1, mostlikely dueto theparticularconstructionof our quadruped,seeTable2. Figure3
alsoillustrateshow theoptimalhybrid trajectoriesof eachgaitpatterncorrespondto thehybrid
automatonpresentedin Figure1. Thenumbersin parenthesesgive thenumbersof thesupport
legsandcorrespondto thecurrenthybridstateof thesystem.Theseexperimentalresultspresent
two radicallydifferenthybrid trajectorieswith differentdiscretetransitions.

4.2 Solving for global solutionsof quadruped walking.
Thoughwe have solvedfor theoptimalhybrid trajectorieswithin two gait classeshaving opti-
mizedover therelative phasesandtheduty factorsof the legs,what remainsis to searchover
all gait classifications.To this end,work is in progressto implementtheschemedescribedin
Section3 building uponthe work in (11). A relaxationof the discretestatevariablesin the
discretesearchtreewill resultin themodelingof acontinuousrangebetweencontactandafree
swingingleg. Physically, this canbe interpretedasa soft groundwith a spring-forcecontact
conditionanda variablefriction coefficient. This approachcannotsearchover all gait classifi-
cationsandmaynot evenincludeboth the trot andambleconsideredhere.This local optimal



hybridsearchwould serve,however, to significantlyreducethediscretecomplexity. Neighbor-
ing
J

solutionswhich may includea full leg contactphasein betweenswingingphasescanthen
simultaneouslybeconsideredwith thosewhich do not. A remainingenumerationof theother
regionsof thediscretestatespacewould thenbepossible.

5 CONCLUSION

Our investigationinto the generationof minimum energy symmetric,periodic gaits gathers
togetherseveraldifferentresearchareasin themodelingandcontrolof complex, nonlinearand
hybridsystems.Ourability to solvethisproblemhasreliedupontheuseof recursive,symbolic
multibody algorithmscoupledwith powerful numericaloptimal control software. We frame
the problemof finding the bestgait for a quadrupedfor a given velocity asa hybrid optimal
controlproblem.To acertainextent,wearealreadyableto solvethisproblem.Ourpreliminary
resultsdemonstratethepowerandpotentialof thesenumericalmethods.Thecompleteproblem
is a challengingproblemin hybrid optimalcontrol,andthis work representsa first stepin the
directionof providing efficientnumericaltoolsfor handlingtheseproblems.
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