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Abstract

Thisreportformstheusers guidefor Version2.1of DIRCOL, asetof Fortransubroutines
designedo solwe optimal control problemsof systemsdescribedy (first order)ordinary
differential equationssubjectto generalinequality or equality constraintson the control
and/orstatevariables. Discontinuitiesin the right handside of the differential equations
canbe treatedas well as multi-phaseproblems. The usermust provide subroutineghat
definethe objectve andthe constrainfunctions.Subroutinegor derivativesof the problem
functionsarenotrequired.

DIRCOL is adirectcollocationmethod[39]: By adiscretizatiorof stateandcontrol
variablesthe infinite dimensionaloptimal control problemis transcribednto a sequence
of (finite dimensional)nonlinearly constrainedoptimization problems(NLPs). Optimal
Control Theory and adjoint differential equationsare not requiredin orderto apply the
algorithm. The NLPs are solved either by the denseSequentialQuadraticProgramming
(SQP)methodNPSOL (Gill, Murray, Saundersand Wright [12]) or by the sparseSQP
methodSNOPT(Gill, Murray, andSaunder$11], Version5.3-4or higher).

DIRCOL alsocomputeseliableestimate®f theadjointvariablesthemultiplier func-
tionsof stateconstraint@ndtheswitchingstructure . Thereforehemethodcancorveniently
be combinedwith anindirectmethodsuchasmultiple shooting[40].

Supplementarprogramsare provided for supportinga visualizationof the numerical
results.

A Note for Potential Users

Theusers guidedoesnot replacecoursesn Optimal Control TheoryandNumericalAnal-
ysis. As ary othernumericalmethodfor optimalcontrol, DIRCOL will beusedmosteffi-

ciently by a userhaving backgroundknowledgein Optimal Control TheoryandNumerical
Analysis, especially numericalsolution of ordinary differential equationsand numerical
nonlinearlyconstrainedptimization.

Bugsand Comments

Pleasereportbugsor commentgo stryk@informatik .t u-darmsta dt .d e. Also
ary reportson experienceggoodor bad),suggestion$or improvementsor complaintscon-
cerningthe programor this users guidearewellcome!
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DIRCOL LicenseTerms and Conditions

Thesoftware DIRCOL is not in thepublicdomain.However, it is availablefor licensesubjectto
thefollowing terms.

(i) The"Software”, belaw, refersto DIRCOL (in eithersource-codepbject-codeor execu-
table-codeform) which includesall supplementangoftware provided, "work basedon the
Software” meansa work basedon eitherthe Software, on part of the Software, or on ary
derivativework of the Softwareundercopyrightlaw: thatis, awork containingall or aportion
of DIRCOL, eitherverbatimor with modifications.Eachlicensees addresse@s"you”
or "Licensee”.

(ii) This licenseappliesto you only if you are a memberof a noncommerciabnd academic
institution, e.g.,a university The licenseexpiresassoonasyou areno longera memberof
thisinstitution.

The Software may be usedfor for academigurposesonly, suchasresearch.You are not
allowedto you useit for any commerciapurposes.

(iii) All copyrights are resened by TechnischeUniversitt Darmstadt,the FachgebietSimula-
tion und Systemoptimierungandthe authorsexceptthoseexpresslygrantedto the Licensee
herein.

(iv) Licenseeshallusethe Softwaresolelywithin Licensees organization Permissiorio copy the
Softwarefor usewithin Licensees organizationis herebygrantedto Licenseeprovidedthat
the copyright notice andthis licenseaccompaw all suchcopies. Licenseeshall not permit
the Software, or sourcecode generatedising the Software, to be usedby personsoutside
Licensees organizatioror for the benefitof third parties.Licenseeshallnot have theright to
relicenseor sell the Softwareor to transferor assignthe Softwareor sourcecodegenerated
usingthe Software.

(v) If youmodify acopy or copiesof the Softwareor ary portionof it, thusforming awork based
on the Software, and make and/ordistribute copiesof suchwork within your organization,
you mustmeetthefollowing conditions:

a) You must causethe modified Software to carry prominentnoticesstating that you
changedspecifiedportionsof the Software.

b) If youmake acopy of the Software(modifiedor verbatim)for usewithin your organi-
zationit mustincludethe copyright noticeandthis license.

(vi) NeitherTechnisch&JniversititDarmstadttheFachgebieSimulationundSystemoptimierung,
nor ary of their employeesmalke ary warranty expressor implied, or assumesury legal li-
ability or responsibilityfor the accurag, completenesspr usefulnesof any information,
apparatusproduct,or procesdlisclosedandcoveredby alicensegrantedunderthis license
agreementor representghatits usewould notinfringe privatelyownedrights.

(vii) In noeventwill Technisch&Jniversitit Darmstadtthe FachgebieSimulationund Systemop-
timierung,nor ary of theiremployeesbeliable for ary damagesincludingdirect,incidental,
specialor consequentialamagesesultingfrom exerciseof thislicenseagreementr theuse
of thelicensedsoftware.

(viii) Licenseeagreego acknavledgeuseof the Softwarein any documenteferencingvork based
onthe Software,suchaspublishedresearch.

Also, you areto notify TechnischéJniversitt DarmstadtFachgebieSimulationund Syste-
moptimierung pf publisheddocumentseferencingvork basednthe software,andsupplya
copy of thedocumento TechnischdJniversitit DarmstadtFachgebieSimulationund Sys-
temoptimierung.
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1 Purpose 1

1 Purpose

DIRCOL is acollectionof Fortran77 subroutinegor solving optimal control problems
The codeis suppliedwith a main program. To tacklean optimal control problemnumeri-
cally using DIRCOL, alreadypreparegroblemdependensubroutinesndinputfiles can
beused(seeSectiond.2for details).

Beforethe generaldescriptionof optimal control problemstreatableby the algorithm
is givenin Sectionl.2, a basicproblemdescriptionin Sectionl.1 introducesthe problem
statement.

1.1 Basicoptimal control problem

Find the control variableu(t), the control (or design parametep, andthe possiblyfree
finaltimet; thatminimizethefunctional(i e., the objective or the performancendex)

Ju,t5] = D(x(ty),ty) (1.1)
subjectto the stateequation
_ dz(?)

wheretheinitial time ty is givenandfixed. Thefunction f is calledthe right handside of
thedifferentialequations.

The statevariablex(t) hasto satisfyinitial andfinal (termina) conditionsi. e.,condi-
tionsatinitial andfinal time,

= fz(t),u(t),p,t), to<t<ty (1.2)

z(to) = zo, x(ty) =xy. 1.3)
An inequalityconstrainton the statevariable(stateconstrainy
g(z(t)) > 0 (1.4)

or a controlconstraint
g(z(t),u(t)) >0 (1.5)

may alsohave to besatisfiedfor all ¢t € [to,t].
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2 1.2 Geneal problemformulation

1.2 General problemformulation

In thegeneraproblemformulation,piecavise definedright handsidesor constraintcanbe
treatedoy switchingpointstg thatmaybefreeor fixed. Thenthewholetime interval canbe
splittedup into several phases The phasesare connectedy phaseconnectingconditions
imposedon theleft andright sidelimits of the statevariablesat the switchingpointandon
the switchingpointitself.

first phase secondphase third phase
= fl = f2 T = f3
1 t 2 4 3 t .
t|0 g >0 Sl,l g°>0 S|,2 g° >0 If time ¢
| | | |
E, E, E; E,

Figure 1.1: A problemwith m; = 3 phasesandm = 4 events.

For example, considera problemwith three phasesas depictedin Figure 1.1 anda
piecavise definedright handside f(z(t), u(t), p, t), i = 1,2,3. The switchingpointsts ;
andtgso andtheinitial andfinal timescanbe collectedinto a vectorof m events E by
E, = ty, By = tg1, E3 = tso, B4 = ty. In this example,therearem = 4 events,
my := m — 1 = 3 phasesandm — 2 = 2 switchingpoints.In generalthevectorof events
readsas

E = (ElaEZ;---;Em—I;Em)
= (to,ts,l,...,tgymfg,tf). (16)

l]g‘ Hint: Use problemformulationswith a single phase[E1, E,,] = [to, tf],
m = 2, m1; = 1, when&er possiblelintroducingswitchingpointscomplicateghe problem
formulationandincreaseshe possibility of errorsby the userin the correctproblempro-
gramminganduseof DIRCOL enormously Using multi-phaseproblemformulationsis
only recommendetb really advancedusers.

DIRCOL-2.1User’s Guide Novemberl 999



1.2 Geneal problemformulation 3

Notation: Forthegeneraproblemformulation,thefollowing definitions andnotations
areused

z1(t) w1 (t) P1
z(t) = , u(t) = , p=1| -..
Tny (1) uyy (1) Pip

Constantcontrolsp (so-calledcontrol parameteror designparametensaretreatedsepa-
ratelyfrom thetime dependentariablesu in the generabroblemformulation.

[to,tf] :  thetimeintenal consideredty < ty, [to, ] C IR

to : thefixedinitial time

ty . thefixedor freefinal time

z, z(t) .  thestatevariablesr : [to, 1] — IR™X

u, u(t) thecontrolvariablesy : [to, t;] — RV

P . thecontrol(or design)parameterg € IRP

FE : them events: By :=t, ..., B, =ty

nx : numberof statevariables(nx > 1)

ly : numberof controlvariableg(l;; > 0)

Ip : numberof controlparameterglp > 0)

m numberof events(m > 2)

my : mq := m—1 > listhetotalnumberof phase$E;, E; 1], i = 1,...,mq

d : therealvaluedobjective function(to be minimized)

f . theright handsideof the differentialequationsi(t) = f(z(t), u(t),p, t)

f theright handsideof thedifferentialequations:(t) = f*(z(t),u(t), p,t)
inthei-thphaselE; <t < E;jyq1,i €{1,...,m1}

g : all nonlinearinequalityconstraintgy(z(t), u(t),p, t) > 0

g’ . all nonlinearinequality constraintsg®(z(t),u(t), p,t) > 0 in the i-th
phaseE; <t < E;11,i € {1,...,m1}

g :  thek-th nonlinearinequalityconstraintg’(.) > 0 in thei-th phase

Ngming - the numberof nonlinearinequalityconstraintsy: (.) > 0,
k=1,...,ngnin: inthei-thphase; = 1,...,m, (ngnini > 0)

h . all nonlinearequalityconstraintsh(z(t), u(t),p,t) = 0

ht . allnonlinearequalityconstraintsi? (x(t), u(t), p,t) = 0in thei-th phase:
E; StSEH—l’i € {1,...,7?7,1}

h}'c : thek-th nonIinearequalityconstrainth};(.) = 0 in thei-th phase

Nhonlng - the numberof nonIinearequalityconstraintsz‘b}:C =0,k=1,...,%ning
in thei-th phasez' =1,...,m (nh,nln,i > 0)

rt : theimplicit boundaryor phaseconnectingi. e.,switching)conditions

Nrping - i = 1: thenumberof implicit boundaryconditionsattg, ¢ ¢

1 = 2,...,m1: thenumberof implicit phaseconnectingconditionsatthe
switchingpointtg,i_l =F; (nnnln,i > 0)

z(t—0) = limgo, c—02z(t — €) (left sidelimit of z att)

z(t+0) = limgo, c—02z(t + €) (right sidelimit of z att)

In the sequel referencego usersuppliedinput files andsubroutinesaregivenin com-
binationwith the problemformulation. The detailsof the files that have to be suppliedby
theuseraredescribedateronin Sectior4.2.
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1.2 Geneal problemformulation

1.2.1 Objective

In generalthereal-\aluedMayertype objectve ® maydepencbn

e valuesof the statevariablesz attheinitial time ¢y, and/orat thefinal time ¢; and/or
ontheleft and/orright sidelimits of = atthe switchingpoints,

e thefinaltimet, itself and(or) the switchingpoints(collectedin the vectorof events

E), and

e thecontrol(or design)parameterg, i. €.,

J[U,p] = @(.’L‘(to),
z(tsg —0),ts1,z(ts,1 +0),

$(t5,m—2 - 0)7 tS,m—Qa x(tS,m—Q + 0),
x(tf)’tf’ p)' (17)

In the currentversionof DIRCOL, the additionalassumptioron the structureof ®
hasbeenmadefor simplificationof the usersuppliedsubroutindJSROBJfor computing®
(seeSection4.2.2.3)

® =

where &; =

and ®;;, =

mi1
P4+ P+ + Dy, = D) Dy, (1.8)
@1(‘7"(750)’”( ),p,to,l‘(tf),u(tf),tf)
¢1("I"(E1)7Il‘l‘(E'1) p,El,IL'(Em),U(Em),Em),
®i(z(ts; — 0),ults; — 0),p, s, z(ts; +0),u(ts; + 0),t5)
@i(z(Eiy1 — 0),u(Eiy1 — 0),p, Eiy1,x(Eip1 +0),u(Ei1 +0), Ep),

.

 =1,...,m — 2.

This assumptiormay be dropped. However, this will requirea few changesn the source
codeof DIRCOL.
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1.2.2 Differential equations 5

1.2.2 Differential equations
Thefirst orderordinarydifferentialequationsmay be piecavise definedby

f%(m(t),u(t),p, t)a t € [thtS,l] = [ElaEQ]a

. _ fZ(.’L'(t),U(t),p, t)7 t € [tS,iflatS,i] = [EiaE’H—l]a

) = i=2...m—219
fm_l(:v(t),u(t),p,t), t € [tS,mf%tf] = [EmflaEm]a

wheretheright handsidein eachphaseds
‘ Sz, u,p, t)
fYz,u,p,t) = e, fi: Rixflotletl _ Rix,
ffbx(w,u,p,t) i1=1,...,m—1.

Theright handsidef,@, k=1,...,nx, ¢« = 1,...,m1, of eachphasehasto be provided
by the usersuppliedsubroutindJSRDEQ(seeSectiorn4.2.2.2).
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6 1.2 Geneal problemformulation

1.2.3 Conditions at initial, final and switching times

Explicit andimplicit formulationsof boundaryandphaseconnectingconditionsaredistin-
guished.

Explicit conditionswill alwaysbefulfilled ateveryiterationof theoptimizationmethod
becaus¢hediscretizatiorof the optimal control problemis tailoredto them.

Implicit conditionswill usuallyonly befulfilled attheendof anoptimizationrunbut not
at intermediatdterationsasthey appearasnonlinearequality constraintsin the nonlinear
optimizationproblem.

Hint: Wheneer thereis a choicein the problemformulation,an explicit for-
mulationshouldbe preferredover animplicit one.

Note: Althoughit is possibleby the software to imposeconditionson the
controlvariablesu(t) atinitial andfinal time andat switchingpoints, this usuallydoesnt
make senseandmayevenbe harmful concerninghe existenceof a solutionof theoptimal
control problemandits computability Thus,be carefulwhenusingthis option.

1.2.3.1 Explicit formulation

Two kinds of explicit formulationsaredistinguishedn this users guide.

The constantvaluesof the first kind (concerningthe valuesof the statevariablesat
initial time z(¢9) and of the left sidelimits of the statevariablesat the switching points
z(tsk—0), k =1,...,m —2) haveto beprovidedby theusersuppliedinputfile DATLIM
(seeSection4.2.1.2).

The functionsof the secondkind (concerningthe valuesof the statevariablesat the
final time x(¢;) andof the right side limits of the statevariablesat the switching points
z(tsx+0),k =1,...,m—2) haveto beprovidedby theusersuppliedsubroutindJSRNBC
(seeSection4.2.2.4).

Informationabouteachtypeof conditionshasto be provided by theusersuppliedinput
file DATLIM (seeSection4.2.1.2).

1.2.3.1.1 Explicit formulation of the first kind: Thevariablesat initial time aswell as
their left sidelimits at switchingpointsmay be setexplicitly to a givenconstan{provided
by theusersuppliedinputfile DATLIM, Sectiond4.2.1.2)as

zj(to) = zjo (agivenconstant)
w (o) = w0 (agivenconstant)
zj(tsy —0) = g, (agivenconstant)
’ _ 7 : (1.10)
w(tsk —0) = w,sx (agivenconstant)
k=2,...,mq (only possiblef m; > 2)
(5 €{1,....nx}, Lefl,...,lu}).
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1.2.3 Conditionsat initial, final andswitdhingtimes 7

1.2.3.1.2 Explicit formulation

of the secondkind: The variablesat final time aswell

astheir right sidelimits at switchingpoints may be setexplicitly to a given constantor a

function R of thevaluesatinitial time or of theleft sidelimits at switchingpoints,respec-

tively,
$](tf) = Rzlc,j($(t0)7u(t0)7pa thtf)
u(ty) = Ry (x(to), u(to),p, to, tf)
zj(tsk +0) Rk“( (tsk —0),u(tsk —0),ptsk) (1.11)
u(ts,k +0) Rk“( (tSk = 0),u(tsk —0),p,tsk) '
k=2,...,m1 (only possiblef m; > 2)
(7€t nx}, le{l,...,lU}).
Someexamplesof suchfunctionsR¥ are
zj(tsy +0) = 100.0 (agivenconstant)
zj(tsky +0) = =zj(tsy —0) (continuityof z;(t) attg ), (1.12)
zj(ty) = zj(to) (periodicity of z;(t)).

ThefuncnonsR’c andRt , have

to be provided by the usersuppliedsubroutindJSRNBC

(seeSection4.2. 2 4). Informatlonabouteachtype of conditionshasto be provided by the

usersuppliedinputfile DATLIM

1.2.3.2 Implicit formulation

rf(z(tsr—1 — 0),

(seeSectiond4.2.1.2).

’l"il(.’L'(t()),U(t()),p,to, ( ) ( ) tf) =0
izla---anr,nlnl (n'rnln1>0)
u(tsk—1 —0),pytsk—1,2(tsk—1 +0),u(tse—1 +0),t;) = 0
I=1,... y Tor nin k (nr nin,k > O)
for k=2,.
(1.13)

The functionsr defining implicit boundaryand phaseconnectingconditionshave to be
provided by the usersuppliedsubroutindJSRNBC (seeSection4.2.2.4). The numbersof

eachtype of conditionshave to be provided by the usersuppliedinput file DATDIM (see

Sectiond4.2.1.1).

New!!
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8 1.2 Geneal problemformulation

1.2.4 Inequality constraints

In orderto improve robustnessandefficiengy, upperandlower boundson all variablesare
treatedseparatelfrom generalnequalityconstraints

1.2.4.1 Upper and lower bounds

Upperandlower bounds(so-calledbox constrainty have to be providedfor all of the state
variablest, the controlvariablesu, the controlparameterg, andtheeventsE.
Thebox constraintof stateandcontrolvariablesmay differ from onephaseo another

1stphase: t € [Ey, By, ximin < zi(t) < Timae J=1,...,mx,

Uy, min < () < ull,rnax’ I=1,...,ly,

my-thphase: ¢ € [Ep,,, En], J;;{’I;in < zi(t) < Zﬁlax, j=1,...,nx,

Unin < w(t) < W =100
(1.14)

Thebox constraintof the controlparameterseadas
Plmin < P < Pimax, [=1,...,1p, (1.15)
andfor theevents
EQ,min < E2 < EQ,maxa

(1.16)

Em,min < Em < Em,max-

Theinitial time E; = ¢ is keptfixed. Thereforeno box constrainton ¢ty areneeded.

e All upperand lower boundshave to be provided by the usersuppliedinput file
DATLIM (seeSectior4.2.1.2).

e Unconstrained variables: If a variablehasno upperbound,i. e., is unconstrained
from above, thena value greateror equalto +1.E+10= 410'° = 400 (which is
treatedasa placeholdeifor infinity) hasto be setasupperbound. Vice versa,if a
variablehasno lower bound,a valuelessor equalto —1.E+10= —10'9 = —co has
to bespecifiedn DATLIM (cf. optionalparameteinfinite boundsizeof NPSOL[12]
or optionalparameternfinite boundof SNOPT[11]).

e Problemswith a fixed final time or fixed switching points are treatedby setting
lower andupperboundsof the correspondingventto the samevalue. For example,
for afixedfinal timeof ¢; = 9.0 onesets

Emmin =90 and Ey,max = 9.0. (1.17)
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1.2.5 Equalityconstaints 9

1.2.4.2 Nonlinear inequality constraints

Numberandtype of the nonlinearinequality constraintsanay differ from onephaseto an-
other

1stphase: t € [Ey, Es, gr(z,u,p,t) >0, k=1,...,19nmn1 (Ngnin,1 > 0)

m1-th phase: te [EmuEm]a glrgnl (.’E, U, p, t) >0, k=1,... » Ng,nin,m (ng,nln,ml > O)

(1.18)

Thereal-\aluedconstraintfunctionSg;'c have to be provided by theusersuppliedsubroutine

USRNIC (seeSection4.2.2.5). The numbersng nin i, @ = 1,...,m1 have to be provided
by theusersuppliedinputfile DATDIM (seeSectiorn4.2.1.1).

1.2.5 Equality constraints

Numberandtype of thenonlinearequalityconstraintsnaydiffer from onephaseo another

1stphase: t € [E1, By, h,lc(ili,’u,,p, t)=0, k=1,... » h,nin,1 (nh,nln,l >0)

(1.19)
Thereal-\aluedconstraimfunctionsh;'C have to be providedby theusersuppliedsubroutine
USRNEC(seeSection4.2.2.6). The numbersny, 5,1, 5, ¢ = 1,...,m; have to be provided
by theusersuppliedinputfile DATDIM (seeSectiord.2.1.1).

mq-thphase: t € [Ey,,, Ep], byt (z,u,p,t) =0, k=1,...,%pninm (Mhninm: > 0)
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10 1.3 Otherproblemformulations

1.3 Other problemformulations
Several other problemformulationscan be transformednto the problemformulation of

Sectionl.2.

1.3.1 Bolzaand Lagrange-typeobjectives
BolzaandLagrange-typ®bjectiveswith anintegraltermcanbetransformedo Mayertype

problemsby introducinganadditionalstatevariable.
For example,considerthe Bolzaproblemwith the objective

ty
Tlu,ty] = ®(z(t),t;) + /t L(x(t), u(t), t)dt. (1.20)

TheMayerform is obtainedby introducingz,,, +1 andoneadditionalstateequation

Tnx+1 (tf) free, (1.21)

inx-l—l(t) = L(x(t)au(t),t)a $nx+1(t0) = 0,

in orderto obtainthe“new” objective
Ju,tf] = @(z(tr),ty) + Taxt1(ty) = @*(a*(tf), tr) (1.22)

with the“new” statevariablez* = (z1,...,%ny, Tnyx+1). Whichis of dimensionn x*

nx + 1.
Examples: This transformatioris usedin the minimumenegy problemof Section2.2

andtheoscillatorproblemof Section2.6.

1.3.2 Integral-type constraints

Integral-typeconstraints
t
" Gla(t),u(t), )dt = 0 (or > 0) (1.23)

to
canbetreatedn the sameway asintegral-typeobjectivesby introducinganadditionalstate

variable
Inx+1(t) = G(x(t),u(t),?), @nyx+1(to) = 0 (1.24)
resultingin the“new” endpoint constraint
Tnyx+1(tf) = 0 (or > 0). (1.25)

Novemberl 999
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1.3.3 Min-maxobjectives 11

1.3.3 Min-max objectives

Min-max objectvessuchas

J[u,p] = min max M (z(t),u(t),t), (1.26)
u,p tE[to,tf]

canbetransformednto constrainedayertype problemsby introducinganadditionalcon-
trol parametep;, 1 satisfyingp;, 1 = max{M (z(t),u(t),t) : t € [to,tf]}. Thenthe
resultingconstrainedayertype problemis

J[u,p*] = CI)*("E(tf)ap*a tf) =DPip+1 — min! (127)
subjectto the additionalinequalityconstraint
Pip+1 — M(:E(t), u(t)a t) > 0. (1.28)

Example: Thistransformatiors usedn theproblemof theflight of apassengeaircraft
througha downburstwindsheadescribedn Section2.8.

1.3.4 Higher order differ ential equations

Higherorderdifferentialequationgnaybetransformedo first ordersystemsy introducing
additionalstatevariables.
For example,considertheseconcbordersystem

i = f(z,u,p1). (1.29)

This systemis equivalentto thefirst ordersystem

r = v,
v o= f(xauapat) (1.30)

whichis of thedoublesize. The“new” statevariableis z* = (z,v).
Example: Thistransformatiortechniquds appliedto the minimumenegy problemof
Section2.2 andto therobottrajectoryoptimizationproblemsof Section2.9.
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12 1.3 Otherproblemformulations

1.3.5 DAEsandimplicit differential equations

Implicit differential equationsand differential-algebraiequations(DAES) may be trans-
formedto explicit first order systemswith equality constraintsby introducingadditional
controlvariables.

For example,considerthefirst order implicit system

h(z,z,u,p,t) = 0. (1.31)
This implicit systemis equialentto the first order systemwith nonlinearequality con-
straints _

r = v,

0 = h(e,v,u,p,0). (132
The“new” controlvariableis u* = (u,v).

Anotherexamplearesemi-explicit DAEs of theform
i = f(z,y,u,p,1),
0 = h(z,y,u,p,t) (1.33)

wheredimensiorff) = dimensioriz) = nx anddimensiorih) = dimensiofy) = ny,
i. e., z denotethe differential stateandy the algebraicstatevariables. For the numerical
solutionusing DIRCOL the algebraicequationi(.) = 0 ist treatedasnonlinearequality
constraintseeSectionl.2.5)andthe algebraicstatevariabley is consideredo beacontrol
variable. Thus,the “new” controlvariableis u* = (u,y) of dimensionly- = Iy + ny.
Thus,thealgebraicstatevariabley is approximatedy piecavise linearfunctions.

Examplesarethe index-1 DAE formulation of the catalystmixing problemdescribed
in Section2.4.3andthe index-3 DAE formulationof the pendulumproblemdescribedn
Section2.5.
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2 Example Problems

In this chapterthe formulationsof the exampleproblemsaredescribedwhich areprovided
in the subdirectorie®f dircol-2.0/ex with the sourcecode.

2.1 Survey of the exampleproblems

‘ prObIem/direCtory ‘ nx ly Ip ‘ m1 ‘ng,nln,l Ng nin,2 ‘ Npnin,l NMhnin,2 | Mranin,l Nronin,2
minimum _energy 3 1 0|1
(standard) 0 — 0 — 0
_demo 1 — 0 — 2
onedim _rocket 2 1 0| 2
(standard) 0 0 0 0 0
_demo 1 1 0 0 3
catalyst _mixing
_ode 2 1 0|1 0 — 0 — 0
_dae 2 2 0|1 0 — 1 — 0
pendulum 4 1 1|1 0 — 1 — 2
oscillator 5 0 2|1 0 — 0 — 1
robot _i2 5 2 0|1 0 — 0 — 0
windshear 5 1 1|1 1 — 0 — 0
manutec
_minimum _time 6 3 0|1 0 — 0 — 0
_minimum _energy 7 3 01 0 — 0 — 0

Table 2.1: Dimensionsof theexampleproblems.

Brief commentonthe exampleproblems:

1. Minimum enegy:
A classicalminimum enegy problemfrom Bryson, Denham,and Dreyfus with a
secondrderstateconstraint.

2. One-dimensionalocket:
Ascentoptimizationof a simplerocketin two phases.

3. Catalystmixing.
Optimalmixing policy of two catalystsof a plug flow reactor(index-1 DAE).

4. Pendulum
Parameteidentificationfor a pendulum(index-3 DAE, multiple solutions).

5. Oscillator:
Optimaldesignparameterfor minimum noisedesignof a microwave oscillator
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2.1 Surve of the exampleproblems

. Roboten2:

Optimalpathtrackingfor a simplerobotmodel.

. Windshear:

Min-max optimalcontrolproblemof abortlandingof a passengeaircraftin the pres-
enceof adownburstwindshearsubjectto seseralconstraints.

. Manutecminimumtime:

Theminimumtime point-to-pointtrajectoryof anindustrialrobotwith threedegrees-
of-freedomwhosedynamicds describedealisticallyby ahighly nonlinearsystemof
differentialequationsThetrajectoryis subjectto (active) box constrainton thestate
variablesj. e.,theanglesandtheangularvelocities.

. Manutecminimumenegy:

A minimumenegy trajectoryfor the samerobotwith prescribedinal time.

For all exampleproblemsa referencdor the solutionis available eitherasan explicit
solution,anotherapproximatesolution,or anidealreferencepath.
Remark: Mary of the exampleproblemsarediscussedh detailin [39].
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2.2 A minimumenegy problem 15

2.2 A minimum energy problem

2.2.1 Problemdescription

This well-known problemhasoriginally beensuggestedhy JohnV. Breakwellandits ana-
lytical solutionhasbeenreportedby Bryson,DenhamandDreyfus[5]. It is alsodiscussed
in Sec3.11,Example2, of Bryson,Ho [6] andhasbeeninvestigatedn Sec.5.3.10f [39].
Thetaskis to minimize

T[] = % /0 "2t 2.1)

subjectto the differentialequatiorwith boundaryconditions
(2.2)

andtheconstraint
(2.3)

8
=
I

for agivenconstant.

z(t)

0.12E+00

0.10E+00

0.75E-01

0.50E-01

0.25E-01

0.00E+00
0.00 0.25 0.50 0.75 1.00

time

Figure2.1: Optimal statez(¢) of the minimum enegy problemin the caseof an upper
boundof! =1/9 =0.1111...
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16 2.2 A minimumenegy problem

2.2.2 minimum _energy : the standard formulation

Accordingto the terminologyof Sectionl.2 the Lagrange-typabjective hasto be trans-
formedinto a Mayertype oneby introducinga third statevariable.Obviously, the problem
consistsof onephaseonly, i.e.,m; = 1 and[E1, E3] = [to,tf] = [0,1]. Accordingto
Sectionl.2 we have thefollowing dimensions

nx | ly | lp | m1| Ngnin1 | Phpin,d | Mrnin
3 110 1 0 0 0

Thestateandcontrolvariablesare

I x
. _ : 7 w ) = . (2.4)
wz % gag(T)d'r ( 1 ) ( ’ )

where ®; = z3(ty). (2:5)
Accordingto Sectionl.2.2,theright handsideof the differentialequationsnow reads
as
1 2
fr=1nl=1 w]l. (2.6)
1 1,2
3 U1

Theconditionsattheinitial timety, = 0 areexplicit conditionsof thefirstkind according
to Equation(1.10)of Section1.2.3.1

z1(ty) = 0,
.’L‘Q(to) = 1, (27)
z3(tg) = 0.

The conditionsat the final time ¢; = 1 areexplicit conditionsof the secondkind ac-
cordingto Equation(1.11)of Section1.2.3.1

z1(tf) = Ryi() = 0,
wa(ty) = Rgo() = -1, (2.8)
z3(ty) is free.

As the upperandlower boundsof Sectionl.2.4.1oneobtainsfor the stateandcontrol
variablesin the
1 = | = 1

1stphase: t € [Ey, Ep], —100 = "L‘%,min < o(t) < Timax = 5
—1019 = xé,min < mo(t) < Tgga = +107,
—1010 = T3 min < T3(t) < T3gpax = +10'°,
10" = wf i < w() < oulg,, = +10%
(2.9)

Control parameterslo not appearin this problem(i. e.,lp = 0) andthe final time is
fixed. Thereforethelower andupperboundsfor E, are

1 = Fymin £ B2 < Fypax = 1. (2.10)

Nonlinearinequalityor equalityconstraintsasdescribedn Sectionsl.2.4and1.2.5do
notappeain this problem:ng nin 1 = 0, np pin,1 = 0.
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2.2.3 minimum _energy _demo: formulation for demonstration

For the purposeof demonstratioronly, another usually lessefficient formulation of the
problemfor numericalsolutionis alsoprovided:

e Here,theupperboundconstrainton z; is treatedasa nonlinearinequalityconstraint
accordingto Sectionl.2.4.2.Thereforeng ,,;,,1 = 1 and

g1 (@, u,p,t) = L=z (t) > 0. (2.11)

e Thetwo explicit conditionsatthefinal time¢; = 1 of Equation(2.8) arereplacedy
two implicit conditionsaccordingto Equation(1.13)of Sectionl1.2.3.2

r

(J;(to),u(to)apato,flf’(tf)au(tf),tf; = nty) =0, (2.12)

(z(to), ulto), P to, z(ty), ulty), ty) = =z2(ty) +1 = 0.

N =

For the new formulationof the problem,thedimensionsaccordingto Sectionl.2 are

nx |ly |lp | m Ngnin,1 | Mhmnin,d | Trnin,l
3 110 1 1 0 2

In orderto investigatethe effectsof the new problemformulation,the explicit upperbound
onzy(t) is setto infinity:

Istphase: t € [E1, Eo], —10" = zi,, < z1(t) < o], = +10%

Everythingelsein the problemformulationremainsthe samecomparedvith the standard
formulationof the previous section.
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18 2.3 0ne-dimensionahscentof a rocket

2.3 One-dimensionalascentof a rocket
2.3.1 Problemdescription

This simple one-dimensionatocket problemwith an analytical solution hasbeengiven
by Hamgraves[17]. Therocket hasno dragandconstanthrusta until atime tg of phase
separatiorandit haszerothrustafterthistime.

X¢ T

!

Figure 2.2: Theone-dimensionaiscenbf a simplerocket.

Theproblemis to reacha givenaltitudez ; with minimumfuel consumptionAssuming
a constanfuel flow rate,fuel consumptioris directly proportionalto ts. Thuswe wantto
minimizethetime ¢t of phaseseparatiorwhile thefinal timet; is free.

Theoriginal problemformulation[17] readsas: Minimize

Jnts, tf] = ts (2.13)
subjectto thedifferentialequation

Z =n(t)a—g (2.14)
andboundaryconditions

z(0) = 0, :E(tf) = zy

£(0) = wo, (ty) is free (2.15)
Thecontrolis givenby
_ )1, telo,ts]
() = { 0, tE€ (ts,ty] (2.16)

andtheconstantareg = 1, a = 2, zy = 100, andvy = 0.
Severalformulationsof the problemaccordingo Sectionl.2 arepossiblefor example,

e asa problemwith onecontrol variableanddifferentcontrol constraintan different
phasesor

e by eliminatingthecontroln apriori usingEquation(2.16)andresultingin a problem
with a phase-wis@efinedright handside(2.15).

Here,we will discusghefirst formulation.
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2.3.2 onedim _rocket : thestandad formulation19

2.3.2 onedim _rocket : the standard formulation

Theproblemhasm, = 2 phasesandthem = 3 eventsare
E, =0, Ey =tg, E3 =ty. (2.17)

Hence thedimensionsaccordingto Sectionl.2are

nx | ly |lp | m1 Ngnin,l MNgnin2 | Mhnin,l NMhnin2 | Nrpin,l  Tronin,2
2 110 2 0 0 0 0 0 0

The stateandcontrolvariablesare

<2>:<i> (w)=(n) (2.18)

Theobjective accordingo Sectionl.2.1lis

® = P+ Dy
where ®; = 0, dy = Fo. (219)
Accordingto Sectionl.2.2,theright handsideof the differentialequationgeadsas
1
1 f1 Z2

= = , FEy <t<Es, 2.20
f ( f21 ) < aui — g ) 1 >0 L2 ( )
2 = 12 = 2 , Ey<t<FEs. (2.21)

D) auy — g -

The conditionsat theinitial time E; = 0 areexplicit conditionsof the first kind in the
terminologyof Sectionl.2.3
$1(t0) = 0,
.’,EQ(t()) = 0.
Theconditionatthefinaltime E3 = ¢ is anexplicit conditionof thesecondkind in the
terminologyof Sectionl.2.3

(2.22)

zi(ty) = R;;(-) = If (2.23)

Althoughit is not explicitly mentionedin the problemdescription the statevariables
1 andzxy are continuousat the stagingpoint F; = tg. We have to ensurethis for the
discretizedstatevariablesby explicit conditionsof the secondkind accordingto Equa-

tion (1.11)of Sectionl1.2.3.1
r1(E2+0) = R;%J(-) = z1(E2 - 0), (2.24)
T9 (E2 + 0) = Ri,Q(') = X9 (E2 - 0). '

As theupperandlower boundsof Sectionl.2.4.1for the stateandcontrolvariableswve
obtain

Istphase: t€[B1,Ey, 0 = 2f,, < 21(t) < o}, = +10Y,
0 = Z2,min < m(t) < Lomax — +10105
1 U1, min < ul(t) < Ui max L,
2ndphase: t € [Ey, E3], 0 = a3, < z1(t) < 27, = +10',
0 = Z2,min < m(t) < x%,max = +10107
0 U7 min < (t) < UT,max — 0.
(2.25)

New!!
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20 2.3 0ne-dimensionahscentof a rocket

As thelower andupperboundsfor F, andF;

001 = Eomin
001 = FEsmin

E,
Ej

EZ,max = +10105

E37III3,X = +10107 (226)

<
<

VANIVAN

mightbeused.

2.3.3 onedim _rocket _demo: formulation for demonstration

For the purposeof demonstratioronly, another usually lessefficient formulation of the
problemfor numericalsolutionis alsoprovided:

e Thetwo explicit conditionsat initial time of Equation(2.22), the explicit condition
atfinal time of Equation(2.23),andthetwo explicit conditionsat the point of phase
separatiorof Equation(2.24)arereplacedoy implicit conditions:

ri(z(to), u(to), p, to, z(tr), ulty), ty) = z1(to) = 0,
ry((to), ulto), p, to, z(ty), ulty), ty) = wa(to) = 0,
r3(z(to), u(to), p, to, (tf), ulty), ty) = wi(ty) — = 0,
ri(z(ts — 0),u(ts — 0),p, ts, z(ts +0),u(ts +0)) = $1(ts+0)—$1(ts—0) = 0,
r3(z(ts — 0),u(ts — 0),p,ts, z(ts +0),u(ts +0)) = mza(ts+0) — z2(ts — 0) (:22(;.)

¢ In eachphasepne(trivial) nonlinearinequality constraintis introducedwhichis not
active atthe solution:

1stphase: t € [E1, B, gi(z,u,p,t) = z1(t)
2ndphase: t € [Ey, E3], g¢%(z,u,p,t) = xo(t)

AVAIAY/

0,
0 (2.28)

Hence thedimensionsaccordingto Sectionl.2 are

nx |ly |lp | m Ngnin,1 MNgnin2 | Thnin,l TNhnin,2 | Mrnin,l  Nrnln,2
2 110 2 1 1 0 0 3 2

Everythingelsein the problemformulationremainsunchanged.
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2.4 Catalyst mixing

2.4.1 Problem description

This problemdueto GunnandThomas[16] (seealso[3, 25, 42]) determineghe optimal
mixing policy of two catalystsalongthelengthof atubular, plug flow reactorinvolving the
reactions

Sl = SQ — Sg .

The mixing ratio of the catalystsis the control variableu which hasto be determinedn
orderto maximizethe productionof speciesSs, i. e.,to minimize

J[u] = -1 +.T1(tf) +.’B2(tf) (2.29)

subjectto the differentialequationswith boundaryconditions

#1(t) = u(t)(10z2(t) — 1 (1)), 21(0) = 1, m(ty)free,
#o(t) = u(t)(@i(t) — 10z2(t)) — (1 — u(t))za(t), z2(0) = O, xg(tf)fréeéo)

andthecontrol constraint
0 <u(t) <1 (2.31)

for fixedfinal timet; = 1.
A referencevalue of —0.0480557 for the objective obtainednumericallyhasbeenre-
portedby [42].
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22 2.4 Catalystmixing

2.4.2 catalyst _mixing _ode: the ODE formulation

Obviously, the problemconsistof only onephasej. e.,m; = 1 and[E;, Ey] = [to, tf] =
[0, 1]. Accordingto Sectionl.2we have thefollowing dimensions

nx | ly|lp|m Ngnin,l | Mhnin,l | Trnin,l
2 110 1 0 0 0

Theobjective accordingio Sectionl.2.1is

d = &

where & = —1+a1(t) + oa(t)). (2.32)

Accordingto Sectionl.2.2,theright handsideof the differentialequationgeadsas

1
1 fi u1 (10T — 1)
= = . 2.33
f ( f21 ) ( ul(.’171 — 10$2) — (1 — ul)xg ( )
Theconditionsattheinitial timety, = 0 areexplicit conditionsof thefirstkind according
to Equation(1.10)of Sectionl1.2.3.1

.Tl(to) = 1,
{172(t0) = 0. (234)

No conditionsonthe statevariablesaregivenatthefinal time Ey = ¢;.
As the upperandlower boundsof Sectionl.2.4.1oneobtainsfor the stateandcontrol
variablesin the

Istphase: ¢ € [Ey, o], —10° = =z} .. < z1(t) < 2f,., = +10%,
—10" = Z2,min < $2(t) < To,max = +1010a
0 = U1 min < ul(t) < u%,max = +L
(2.35)

Control parameterslo not appearin this problem(i. e.,[p = 0) andthefinal time is
fixed. Thus,thelower andupperboundsfor Fs areequal

1 = Bomin < By < Fomax = L (2.36)

Nonlinearinequalityor equalityconstraintsasdescribedn Sectionsl.2.4and1.2.5do
notappeain this problem:ng ;.1 = 0, nppin,1 = 0.
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2.4.3 catalyst _mixing _dae: the DAE formulation

An index-1 DAE formulationof the problemis describedoy [3] wherea third, algebraic
statevariablezs is introducedthatmustsatisfythe algebraicequation

£E3(t) =1- I (t) - :EQ(t). (237)
Thus,the objective to be minimizedis rewritten as
Ju] = —x3(ty). (2.38)

For the numericaltreatmentof the reformulatedproblemusing DIRCOL, the alge-
braicequatioris treatedasa nonlinearequalityconstraintaccordingto Sectionl.3.5.Thus,
the algebraicstatevariableis consideredo be anothercontrol variableus, andis approxi-
matedpieceavise linearly.

The problemstill consistsof only onephasej. e.,m; = 1 and[E1, Ey] = [to,tf] =
[0, 1]. Accordingto Sectionl.2we have thenew problemdimensions

nx |ly |lp|m Ngnin,l | Phnin,d | rnin,d
2 210 1 0 1 0

Theobjective accordingto Sectionl.2.1is

> =

where ®&; = —uy(ty). (2.39)

Accordingto Sectionl.2.2,theright handsideof thedifferentialequationseadsas

1
1 fi u1(10z2 — 1)
= = . 2.40
/ ( f ) ( ui(z1 — 10z2) — (1 —u1)zo (2.40)
Theconditionsattheinitial timet, = 0 areexplicit conditionsof thefirstkind according
to Equation(1.10)of Sectionl.2.3.1

xl(t()) = 1’

oolte) = O (2.41)

No conditionsonthe statevariablesaregivenatthefinal time Ey = t;.
As the upperandlower boundsof Sectionl.2.4.1oneobtainsfor the stateand control
variablesn the

Istphase: ¢ € [Ey, Bo], —10° = zi 5 < z1(t) < afp,, = +109,
—10" = x50 < za(t) < e +10%0,
0 = Ulgm < () < Uimax = +1,
_1010 = U’Q,min S U’Q(t) S u2,max +1010'
(2.42)

Control parameterslo not appearin this problem(i. e., lp = 0) andthefinal time is
fixed. Thus,thelower andupperboundsfor E, areequal

1 = E2,rnin < E, < E2,max = L (243)

Nonlinearinequalityconstraintasdescribedn Sectionl.2.4donotappeain this prob-
lem: ng nn,1 = 0. However, thereis ny, 1, 1 = 1 equalityconstraint(cf. Section1.2.5)

hi(z,u,p,t) = 1 —z1(t) — za(t) —ua(t) = 0. (2.44)
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24 2.4 Catalystmixing

Fig. 2.3 displaysthe numericalsolution of the problemapplying DIRCOL with 51
equidistangrid pointsandwith optioniAction = 8 for optimization(Section4.2.1.1).
For theinitial estimategcf. Sections4.2.2.7and4.4.1.3)

xilnitial(t) = 1’ .’I,'iQHitial(t) = 0’ uilnitial(t) = 0’ uiQnitial(t) = 0’ te [O, 1]

andthe tolerancesopr = 107, exrr = 1078, a good approximationof the solution
with afinal value of the objective of —0.0480455993 is obtainedin very few secondgfor
example,in 0.8 secondsvith a Pentium1/266 MHz underLinux 2.0.33with GNU Fortran
Version0.5.19.1).

Thenumericaresultshave beenvisualizedusingDGNU andGnuplot(cf. Sectiord4.6.1).
Thecomputedptimalcontrolu} exhibits amax-singulammin structure.

X1=x1() X2=x2() U2=x30)

(a) statevariablex (b) statevariablezs (c) control variable uz
(algebraicstatezs)
udj bl (1) adj iable LAI 2(1) )
(d) adjointvariable); (e) adjointvariableX, (f) controlvariableuy
002 ? H
(9) statespacesolution: z» over x; (h) statespacesolution: z1 overzs

Figure 2.3: DIRCOL solutionof thecatalystimixing problemfor 51 equistangrid points.
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2.5 Pendulum
2.5.1 Problemdescription New!

Considera pendulumof length! = 0.5 [m] andmassm = 0.3 [kg] moving in a vertical
planebeingfixedattheorigin of thez-y coordinatesystem[19, 20].

y A

Y
8

¥

|/

v
Figure 2.4: Statevariablesof the pendulum.

Theequation®f motionmaybedescribedy asystemof DAEs of (differential)index 3
[19, 20]

z(t) u(t) z(0) = 0.4 [m]

y(t) = o(t) y(0) = -0.3 [m]

u(t) = Az(t)/m u(0) = 0 [m/s] (2.45)
o(t) = Ag(t)/ m—g v(0) = 0 [m/s]

0 = z2(t)+y2(t) - I?
where) denoteghe Lagrangiammultiplier beingthe algebraicstatevariable.

We assumehatthe gravitational constanyy is unknavn andis to be estimatedisingthe
resultsof anexperiment(cf. [19, 20]). As suggestethy Kronsedef24], only theresult

zy \ _ [ —0.231625
( Yr ) N < —0.443109 (2.46)
of onemeasuremerttt; = 2 [s] is usedto obtainanobjective of Mayertype

7= 5 (@)~ + wlep) ~ ) (2.47)

Themeasurementaluesarethe numericakolutionof aninitial valueproblemfor the“true”
gravitational constany* = 9.81 [m/s] plusawhite measurementoisesimulatinga mea-
suremenerror

Index reduction[34] is appliedto transformtheindex 3 into anindex 1 systemanalyt-
icaly by successie total differentiationwith respecto time resultingin a “new” algebraic
constraintontheacceleratiorevel)

0 = u?(t) +v2(t) + MB)I?/m — y(t)g (2.48)
plustwo additionalentry conditionsat ¢y = 0 (cf. [19, 20, 24])

0 = 2%(to) +y*(to) — I

0 = ato)ulte) + ylto)u(to). (2.49)
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26 2.5 Pendulum

H@D Pleasenote that the solutionto this problemis not unique! The pendulum
swingsperiodically Differentnumbersof swingsalreadycompletedatt; = 2 correspond
to differentsolutionsfor g. Thus,the numericalsolutiondependsn theinitial estimates,
namelyAinitial ginitiall

2.5.2 pendulum : the standard formulation

Theproblemconsistof onephasej. e.,m; = 1 and[Ey, Ey] = [to, tf] = [0,2].
Thestatevariablescontrolvariableandcontrolparameteare

I xz
N I I “:(“1):(’\)’
= =1 . | (2.50)
3 — _
p=\pP )=\9 -
o || (n)=(s)
Accordingto Sectionl.2we have thefollowing dimensions
nx | ly |lp | m1 Ngnin,l | Mhnin,l | Trnln,l
4 1111 1 0 1 2
Theobjective accordingto Sectionl.2.1is
> = P
2.51
where & = L ((e1(ty) —p)? + (@alts) — yp)?) (2:51)
Accordingto Sectionl.2.2,theright handsideof thedifferentialequationseadsas
fli 3
1 f2 T4
= = . 2.52
=11 wr(t)a (8)m (2:52)
fi w1 (t)z2(t)/m — p1

The conditionsat the initial time ¢, = 0 andfinal time ¢; = 2 consistof explicit
conditionsof thefirst kind accordingto Equation(1.10)of Section1.2.3.1

LEl(tO) = 047
~T2(t0) = -03,
z3(te) = 0, (2:53)
x4(t0) = 0,

no explicit conditionsof the secondkind accordingto Equation(1.11)of Section1.2.3.1,
but two implicit conditionsaccordingto Equation(1.13)of Sectionl.2.3.2
ri((to), u(to),p, to, (ty), ulty),ty) = ai(to) + z5(to) —I* = 0, (2.54)
ry(z(to), ulto), p, to, o(ts),ult), ty) = z1(to)ws(to) + z2(to)za(te) = 0. (2.55)

As the upperandlower boundsof Sectionl.2.4.1oneobtainsfor the stateandcontrol
variablesin the

Istphase: ¢ € [E1, Eo], —10° = =z}, < z1(t) < &fpe = +10%,
—10"0 = Tomin < T2(t) < Tomax = +10'°,
—10" = Z3,min < m(t) < T3,max = +10'°,
—10'° T4 min < $4(t) < L4, max +1010’
—10" = wign < wi(t) < Uima = +10Y,
(2.56)
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2.5.2 pendulum : thestandad formulation 27

andfor the control parameteandevent

102 = P1,min < pp < Pimax = 100, (2.57)
2 = E2,Inin < By < EQ,max = 2.

Nonlinearinequalityconstraintasdescribedn Sectionl.2.4donotappeain this prob-
lem: ng nin,1 = 0. However, thereis ny, 1,1 = 1 equalityconstrainf(cf. Sectionl.2.5)

hi (z,u,p,t) = x%(t) + xi(t) + ul(t)lz/m —zo(t)p1 = 0. (2.58)

Fig. 2.5 displaysthe numericalsolution of the problemapplying DIRCOL with 51
equidistangrid pointsandwith optioniAction = 8 for optimization(Sectior4.2.1.1).

For theinitial estimategcf. Sections4.2.2.7and4.4.1.3)for ¢ € [0, 2]

a:ilnitial(t) = 0.4’ $i2nitial(t) = _0.3’ a:gnitial(t) — xinitial(t) = 0, uilnitial(t) = _5.0’
andpiritial = 20.0, andthe tolerancesopt = 1076, expr = 1078, a goodapproxima-
tion of the solutionwith a final value of the objective of 0.955756149 - 10—6 and of the
gravitational constantp; = g = 9.7704 is obtainedin very few secondgfor example,in
1.2 CPU secondswith a Pentium1/266 MHz underLinux 2.0.33with GNU FortranVer-

sion0.5.19.1).
Thenumericakesultshave beervisualizedusingDGNU andGnuplot(cf. Sectiord.6.1).

(a) statevariablex (b) statevariabley (c) statespacesolution(z, )
(d) statevariableu = & (e) statevariablev = y (f) algebraicvariablex
@ () +y2(t) — 17 (h) z()u(t) + y(H)v(t) (i) Al = w®(t) + v2(t) +

A /m —y(t)g
Figure 2.5: DIRCOL solutionto the pendulumproblemfor 51 equistangrid points.
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2.6 Minimum noisedesignof an oscillator

This problemhasbeensuggestetb theauthorby W. Anzill whoalsoreportedheanalytical
solution. It is describedn Section8.6 of [39].

2.6.1 Problemdescription

1

Ry,

ir

ur

Figure 2.6: Equivalentcircuit of the van-defPol-oscillator

The taskis to determinethe design,e.g., the linear network, of oscillatorswith mini-
mizedphasenoise.This is doneby formulatingandsolving anappropriateoptimal control
problemnumerically Here,we will only briefly describethe modelproblemof minimum
noise designof a van-defrPol-oscillatorwhich hasbeendescribedn [1, 39. For more
backgroundnthegeneralproblemwe referto [2].

The statevariablesare

are

1 = uc,

o = 2 (1 ~ wﬂt)#ﬁ) 21(t) — z(t) (w B ( 22(1) + 23(t) — R0>> (2.60)

2

By = %(1—

zi(t) + =5 (t)

Ty = m-iL

whereu describeshevoltage,L theinductvity, C thecapacity Thedifferentialequations

(2.59)

= ) 2o (t) + 1 (t) (w +8 ( 22(1) + 22(t) — R0)> (2.61)

with real constantsy, 8, Ry, w. For computingthe single-sidebanghasenoisetwo vari-
ablesy; andwv, arerequiredwhich mustsatisfy

(1 AW +a0 2w%<t>) iy

- _(g
g

z1(t)z2(2)

z1()

Rj

Ry

R3

a?(t) + a3

) V1 (t)
(t)

2
—7#@) tw+p (\/fv%(t) + 23(t) - Ro) + ﬁxl—(t)(t)> u(t), (2.62)
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b = — <_7%§2(t) Cwe 5( 22(8) + a2(¢) — Ro) - 5”2—(’5)@)) o (t)

(o, w@) +a3@) w%(ﬂ) z1(t)z2(t) v
( (1 R} R th xg(t)mg(t)) )

Thefive conditionsatinitial andfinal time for oneoscillationwith periodz; are

.’L‘Z’(tf) = 1‘1(0), 1= 1,2, .’I)Q(O) = O, ’Ul(tf) = ’01(0), ’01(0) .’L‘l(O) + ’UQ(O) .TQ(O) =1.
(2.64)
Theperiod(final time) ¢ is free, i. e.,determinedy the nonlinearboundarycondition.
Thedesignparameterg and R, have to bedeterminedn away thatthe noise

_ w? 1 o T
TP Bol = G55 /0 oT (1) G T(2) GT (1) v(t)dt (2.65)
is minimized.Here,we consider
() = (é (1)) and G(t) :< Ié(t) 18'@:)) (2.66)
with
K(t) = exp (a3(t) + 73(1)) - (2.67)
Thereforetheobjective is equivalentto
w2 1 [t
T8 Bl = /O K (1) (v3(2) +93(1)) dt. (2.68)

The solutionhasbeengivenexplicitly by Anzill (see[1, 39])

B = 0, z2(t) = Ry sin(wt),
Ry = 1, v1(t) = ((BRo/7)cos(wt) —sin(wt)) /(Row), (2.69)
z1(t) = Ry cos(wt), wva(t) = ((BRo/7v)sin(wt)+ cos(wt)) /(Row).-

Theperiodist; = 27/w.
For the computationswe usethefollowing constants

fm=1 w=2m, =1 (2.70)

In this case the minimum objective valueis J = e'/(27)% = 0.068854883..., andthefinal
timeist; = 1.

2.6.2 oscillator : the standard formulation

Theproblemhasonephasej. e.,m; = 1, [E1, Ey] = [0,1].
The statevariablesandcontrolparametersre

T Z1
Z9 T2
r=| z3 | = U1 , p:<p1>:<1§>.(2.71)
Z4 V9 b2 0
5 Jo K (1) (v(7) + v3(r)) dr

(2.63)
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30 2.6 Minimumnoisedesignof an oscillator

Thereareno controlvariablesj. e.,lyy = 0.
Theobjective accordingto Sectionl.2.1is

® = 9

2.72
where ®; = %%(tf)/tf. (2.72)

Accordingto Sectionl.2.2,theright handsideof the differentialequationseadsas

i &1
5 )
Fl= 1 — i , (2.73)
1 .
4 V2
5 K (t) (z3(t) + z5(t))

wherez+, 2, 71, U2 have to bereplacedy the expressiondor their right handsides.
The conditionsat theinitial time ¢, = 0 andfinal timet; consistof explicit conditions
of thefirst kind accordingio Equation(1.10)of Sectionl.2.3.1

.’L‘Q(t()) = 0,
zs(t) = 0, (2.74)

explicit conditionsof the secondkind accordingto Equation(1.11)of Sectionl.2.3.1

z1(ty) = Rpi() = z1(to),
za(ty) = Rypo() = za(t), (2.75)
z3(tf) = Rys() = mz3(to),

andoneimplicit conditionaccordingto Equation(1.13)of Sectionl1.2.3.2

’l"%(.’[?(to),u(to),p,t(),.’L‘(tf),’u,(tf),tf) = 1—.’L‘3(O)-f11($(0),p)—.’L‘4(0)-f21(.’[2(0),p) = 0.

(2.76)
As theupperandlower boundsof Sectionl.2.4.1we use
1stphase: t € [Ey, Ey], —10 = ximin < z(t) < Tlgax = +10,
-10 = L2 min < iI"Q(t) < "L‘%,max = +10,
-10 = T3 min < ,’L‘3(t) < T3 max — +10,
-10 = ‘Tlll,min < .’1}4(t) < ‘T4,max = +1O,
0 = x5,min < $5(t) < "L‘S,max = +10107
(2.77)
andfor the control parameterandevent
-107% = P1,min < pp < Pimax = +10_2a
10_5 = P2,min < b2 < P2max = _+_1010’ (278)
1073 = EZ,min < Ey < EZ,max = +10%.

Nonlinearinequalityor equalityconstraintsasdescribedn Sectionsl.2.4and1.2.5do
notappeain this problem.Thereforethe dimensionsaccordingto Sectionl.2 are

nx | ly |lp | m1 Ngnin,l | Mhnin,l | Trnln,l
5 0| 2 1 0 0 1
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2.7 Optimal path tracking for a simple robot

This problemhasbeensuggestedo the authorby W. Miksch and hasbeendescribedn
Section6.4 of [39]. Theuseof DIRCOL for optimalcontrolof arealmobile manipulator
with five degreesof freedomis describedn [29].

2.7.1 Problemdescription

The endefector of a robot with two rotationaljoints and simplified equationsof motion
hasto move alonga prescribedpathwith constantvelocity. In eachjoint, thereis a motor
which canbecontrolled.The prescribedeferencgathincludesanonsmootttornerwhere
thereferencevelocity is discontinuousTherefore anerrormustoccurwhentherobottries
to track this pathwith constant,non-zerovelocity. The overall tracking error hasto be
minimized.

The secondorderequationf motion andthe initial andfinal valuesfor positionand
velocity of therobotare

@it) = w(), @) = 0, ¢0) = 05 a2 = 05 q¢(2) = 0,

G@t) = wua(t), ¢0) = 0, ¢(0) = 0, ¢(2) = 05, ¢((2) = 0.5
(2.79)

Theobjective to be minimizedis the sumof errorsin thetrackingof thereferenceath

J[u] = /02 L(q(t),4(t)) dt := /022wz‘(qz'(t)—qz',ref(t))2+2w2+i(di(t)—q'i,ref(t))2 dt

(2.80)
with constant,non-ngative, real weighting factorsw;, ¢ = 1,2,3,4. Here, we choose
w1 = we = 100 andws = w4 = 500. As referencepathwe use

@ = [ 0<i<t W = 10 0<i<l,
et = 1/, 1<t<2, YT -1/, 1<t<2,
, 12, o<t<t, _ J 0, 0<t<,
Quref(t) = { 0, 1<t<2 Goet(t) = { 1/2, 1<t<2.

(2.81)

2.7.2 robot _i2 : the standard formulation

The problem consistsof a single phasewith a fixed final time: m; = 1, [Ey, Eq] =
[th tf] = [03 2]
Thestateandcontrolvariablesare

T q1
T2 q2 u
z=\| x3 | = a1 , uz( 1). (2.82)
. U2
T4 q2
5 Jo Llg(7),d(7)) dr

Theobjective accordingo Sectionl.2.1lis

® = @

where ®&; = z5(ty). (2.83)
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32 2.7 Optimalpathtradking for a simplerobot

Accordingto Sectionl.2.2,theright handsideof thedifferentialequationseadsas

1 Z3
3 x4

= 1| = u1 ) (2.84)
1 up

Theconditionsattheinitial timety, = 0 areexplicit conditionsof thefirstkind according
to Equation(1.10)of Sectionl1.2.3.1

T (tO) - Oa
372(t0) = Oa
$3(t0) = 0.5, (285)
$4(t0) = 03
z5(to) = 0.

The conditionsat the final time ¢; = 1 areexplicit conditionsof the secondkind ac-
cordingto Equation(1.11)of Sectionl1.2.3.1

1 (tf) Ry.() = 0.5,

malty) = Rby() = 05,

z3(ty) = Rys() = 0, (2.86)
zalty) = Rby() = 05,

zs5(tp) is  free.

The statevariablesare unconstrainedFor the control variableswe usea boundof 10
for amaximumacceleratioranddecelerationTherefore asthe upperandlower boundsof
Sectionl.2.4.1oneobtainsin the

Istphase: ¢ € [E1, Eo], —10° = =z}, < z1(t) < 2fpe = +10%,
—10"0 = Tomin < T2(t) < Tomax = +10'°,
—10" = ‘Té,min < z3(t) < x%,max = +10",
—10 = uimin < ul(t) < u%,max = +10,
—-10 = U2 min < UQ(t) < U2, max +10.
(2.87)

Controlparametersio not appeaitin this problem,i. e.,lp = 0. Thefinal timeis fixed.
Thereforethelowerandupperboundsfor E5 are

2 = E2,Inin < E, < E2,max = 2 (288)

Nonlinearinequalityor equalityconstraintsasdescribedn Sectionsl.2.4and1.2.5do
not appeaiin this problem.Also, thereareno implicit boundaryconditionsof the form of
Sectionl.2.3.2.

Hence thedimensionsaccordingto Sectionl.2are

nx |ly |lp | m1 | Ngnint | Mhunin,l | Trnin,l
5 210 1 0 0 0
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2.8 Abort landing in the presenceof a windshear

“One of the mostdangeroussituationsfor a passengeaircraftin take-of andlandingis
causedby the presenceof low-altitude windshears.. Evenfor a highly-skilled pilot, an
inadwertentencounterwith a windshearcan be a fatal problem, since the aircraft might
encounteil headwindfollowed by a tailwind, both coupledwith a down draft ... theabort
landingproblem... is a saferprocedurdghanthe penetratiodandingif theinitial altitudeis
high enough”[8].

The following statemenbf the problemhasbeentaken from [8], alsothe reference
solutionof the min-maxproblemwhich is includedin the suppliedfiles. Theinvestigation
of the problemwashighly motivatedby the previouswork of [27, 28].

2.8.1 Problemdescription

hlft]
850.00

800.00

750.00

700.00

650.00

600.00

550.00

500.00 :
0.00 2000.00 4000.00 6000.00 8000.00 10000.00

z[ft]

Figure 2.7: History of thealtitudeh(t) of the passengeaircraftversusrangez(t)
(computed solutions of DIRCOL (—-—-— ) and multiple shooting

( ) [39].

Thefive statevariablesarethe horizontaldistancer, thealtituder, therelative velocity
v, the relative pathinclination -y, andthe relatve angleof attacka. The control variable
u = ¢ is thetime deriative of the angleof attack.

Thetotaltime of theflight manoeuvreonsidereds ¢ty = 40 s.

Thegivenvaluesof the statevariablesatinitial andfinal time are

z(0) = O[ft], z(ty) is free,

h(0) = 600[ft], h(ts) is free,

v(0) = 239.7[ft/s], v(ty) is free, (2.89)
v(0) = —0.03925[rad], 'y(tf) = 0.12969[rad],

al0) = 0.1283[rad], a(ty) is free.

The objective to be maximizedis the minimum altitude attainedduring the flight ma-
noeuvre

p— 1 '
J[u] Oglgrif h(t) — max! (2.90)

DIRCOL-2.1User’s Guide Novemberl 999



34 2.8Abortlandingin the presencef a windshear

Theequationf motionof theaircraftare

z = wcosy+ Wi(z),
h = wsiny + Wa(z,h),
o = T(v) cos(a + 8) — M — gsiny — (Wl(;p) cosy + WQ(.’E,h) siny) ,(2.91)
m m
T L ;
4 = (v) Sin(a+5)+M g cosy + — (Wl( )sin’y—WQ(w,h)COS’)’),
' mv mv v
a = u.

ThethrustT is givenby

T(v) = B(t)(Ao + A1 + Agv?)  with 5(7:):{ f?*ﬁ‘)t’ gﬂs Stf sti}, (2.92)
and
Bo=0.3825, By =02[s"!] and tg= (1 f)/Bo = 3.0875[s.
ForthedragD holds
D(w,a) = 0.5Cp(a)pSv? (2.93)
where Cp(a) = By+ Bia+ Bya?,
p = 02203-10 %[lbs*ft™4], S = 0.1560 - 10*[ft?].
Thelift L is describedby
L(v,a) = 0.5CL(a)pSv? (2.94)
where Cp(a) = { gg—-::gig’-l- Co(a — ay)?, Z*S<a(;§ Omaxs
a, = 12[deg] =0.20943951[rad], amax = 0.3002[rad.
Thewindsheamodel,valid for 4 < 1000[ft], is givenby
—50 4 az® + bz?, 0 <z< 500,
Wie) = ) G0 aanlh o —sas—aph, 400 <o < aoo @9
50, 4600 <,
(dz3 + ex?), 0 <z< 500,
Wle) = o0 (a0 a1 o600y, 4100 <5< 1600 @
0, 4600 < z.

Theconstantsare(cf. [8, 30])

Ay = +0.4456 - 10°[Ib], By = +0.15523333333,

A = —0.2398 - 10%[Ibsft—1], By = +0.1236914764[rad '],

Ay = +40.1442-107'[Ib £ ft~2), By = +2.420265075[rad"?],

Co = +0.7125, a = +6-1078[s71ft 2],

C; = +6.087676573[rad™'], b = —4-107M[s7Ht I,

Cy = —9.027717451[rad™?], c = —In(25/30.6) - 10~'2[ft™"],

d = —8.028808625-1078[s71ft™?], e = +6.280834899 -10~1![s71ft=3],
g = +3.2172-10'fts™?], mg = 150000]lb],

§ = 2[dey] = 0.034906585[rad.

(2.97)
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[ft/s]
50.00
25.00
0.00 —
-25.00
-50.00 - S - z[ft]
0.00 1000.00 2000.00 3000.00 4000.00 5000.00
Figure 2.8: Horizontalandvertical component®f thewind velocity.
Theangleof attackandits time derivative areconstrainedy
la(t)] < amax = 0.3002[rad, (2.98)
lu(t)] < umax = 0.05236[rad. (2.99)
In [8, 30]
p* = min{h*(t) : t € [0,¢7]} = 502.15627829]ft] (2.100)

hasbeencomputedor the objectve.
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36 2.8Abortlandingin thepresencef a windshear

2.8.2 windshear : the standard formulation

Theproblemhasonephasej. e.,m; = 1, [Eq, Es] = [0,t5] = [0, 40].
For transformatiorof the min-maxprobleminto standardorm with a Mayertype ob-
jective onecontrolparametep, for theminimal altitudeis introducedby (cf. Sectionl.3.3)

p1 = Og;g%f h(t). (2.101)

Then,anadditionalstateconstrainthasto betakeninto account
g1(z,u,p,t) = @2(t) —p1 = h(t) —p1 20, 0<t<ty (2.102)
Thetransformedbjective to be minimizedbecomes
j[u,p] = —p1. (2.103)

The statevariables controlvariablesandcontrolparameterare

I xr
xI9 h
z=| 23 |=| v [, u:(ul), p:(pl). (2.104)
T4 Y
Is5 (07
Theobjective accordingio Sectionl.2.1is
> = P
where &, = —p;. (2.105)

Accordingto Sectionl.2.2,theright handsideof the differentialequationseadsas

1 i
) :
h
2
ft = Tl =1 9 |, (2.106)
! i
5 ui

wherez, k, 9, 4 have to bereplacedy the expressiongor their right handsides.
The conditionsat the initial time t, = 0 andfinal time ¢; = 40 consistof explicit
conditionsof thefirst kind accordingto Equation(1.10)of Section1.2.3.1

Z1 (tO) = 07

.'L'Q(t()) = 600,

I3 (to) = 239.7, (2.107)
z4(tg) = —0.03925,

$5(t0) = 0.1283,

andoneexplicit conditionof thesecondkind accordingo Equation(1.11)of Sectionl.2.3.1

za(ty) = RL,() = 7.431-7/180 = 0.1296942. (2.108)
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2.8.2 windshear : thestandad formulation 37

As theupperandlower boundsfor the stateandcontrolvariablesof Sectionl.2.4.1we
use

1stphase: t € [E1, B, 0 = i < 21(t) < 2 = +1.5:10%
+10* = 2y < 22(t) < Thpa, = +1.5-10°

0 = T3, min < 3 (t) < ‘T3,max = +1010,

~10° = gl < ma(t) < Bhaga = +1019

“CQmax = mil'),min < "E5(t) < m%,max = +omax,

“Umax = u%,min < w(t) < u%,max = +Umax-
(2.109)

Thestatevariablez, = v isanunconstrainednglebut variesonly within [—=, +x[. There-
fore, the optionfor specialtreatmenbf anglesis selectedor 4 in theinputfile DATDIM
(cf. Section4.2.1.1).
Thelower andupperboundsfor the controlparameterandeventsare
410 = pimin < P < Prmax = +10'9,

2.11
+40 = E2,Inin < Ey < EZ,Ina.x = +40. ( O)
Theinequalityconstraintof Equation(2.102)is formulatedaccordingto Sectionl.2.4
1stphase: t € [Ey, Bs], gi(z,u,p,t) = zo(t) —p1 > 0. (2.111)

Nonlinearequalityconstraintsaasdescribedn Sectionl.2.5do notappealtin this prob-
lem. Therefore,the dimensionsof this optimal control problemaccordingto Sectionl.2
are

nx | ly |lp | m1 Ngnin,l | Phnin,l | rnin,l
5 1 1 1 1 0 0
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2.9 Optimal point-to-pointtrajectoriesof a 3-d.o.f

38 Industrial robot
2.9 Optimal point-to-point trajectories of a 3-d.o.f. industrial
robot
2.9.1 Minimum time trajectory: problem description
see[39, 41]

The subroutineR3M2Slis dueto Otterand Turk [31]. It is includedby friendly per
missionof Dr.-Ing. Martin Otter[32].

2.9.2 manutec _minimum _time : the standard formulation
2.9.3 Minimum enermy trajectory: problemdescription
2.9.4 manutec _minimum _energy : the standard formulation
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2.10 Refeencedo otherapplicationsof DIRCOL 39

2.10 Referenceso other successfubpplicationsof DIRCOL

In this section,a selectionof referenceso successfuapplicationsof DIRCOL is given.

An optimalcontrolproblemin economicswith four linearcontrolsdescribinga sophis-
ticatedconcernmodelis investigatedoy Koslik andBreitner[21]. The numericalsolution
is obtainedby a combinationof the direct collocationmethod DIRCOL andanindirect
multiple shootingmethodfor solving the necessarygonditionsfrom optimal control the-
ory. The optimal controlshave bang-bangubarcsaswell asconstrainedndsingularsub-
arcs. Here, the highly complicatedswitchingstructurehasbeencomputedcorrectly using
DIRCOL. Also, thecomputedestimate®f adjointvariablesandthe computechistoriesof
the switchingfunctionshave beenestimatedn anaccurag of four to five decimals.Thus,
the subsequensolutionof the necessargonditionsfrom optimal control theory i. e., the
multi-point boundaryvalueproblemfor the stateandadjointvariables hasbeenfacilitated
enormously

Zoelch[44, 45] appliesDIRCOL successfullyfor optimizingandrating of thedesign
of ahybrid driveline.
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