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Dynamic modeling in the simulation, optimization, and control
of bipedal and quadrupedal robots

Fundamental principles and recent methods for investigating the nonlinear dynamics of legged robot motions with
respect to control, stability and design are discussed. One of them is the still challenging problem of producing
dynamically stable gaits. The generation of fast walking or running motions requires methods and algorithms
adept at handling the nonlinear dynamical effects and stability issues which arise. Reduced, recursive multibody
algorithms, a numerical optimal control method, and new stability and energy performance indices are pre-
sented which are well-suited for this purpose. Difficulties and open problems are discussed along with numerical
investigations into the proposed gait generation scheme. Qur analysis considers both biped and quadrupedal
gasts.
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1 Introduction
1.1 Nonlinear Dynamics of Legged Robot Motion

A precise modeling of legged locomotion systems requires high dimensional nonlinear dynamics, and it is thus a
complex task to generate and control stable motions for such systems. Biped and quadruped constructions generally
consist of a minimum of five bodies with two to six degrees of freedom per leg in addition to the six degrees of
freedom corresponding to the base body in order to give the necessary amount of motion dexterity necessary for
a wide range of movement. Dynamic model simplifications in previous work, however, have generally ranged from
pendulum models [33] to multi-link planar models [7, 8, 19, 21] for bipeds and for quadrupeds [22] or to multi-link
spatial models [28, 40]. Though these simplifications allow one to analyze certain predominant behaviors of the
dynamic system, several other important features are lost. A complete and complex dynamical system description
will contain much more of the significant dynamical effects; yet a control solution for these models based on an
analytical approach is usually not possible and results must be sought for numerically.

The dynamic effects characterizing bipedal and quadrupedal motion may be further complicated by external
disturbance factors and forces, quickly changing system goals, low friction conditions, a limited power source, and
inexact sensor information resulting from fast movements and a changing environment. The work described in this
paper is directed towards the generation of dynamic motions with these difficulties and performance objectives
in mind. Fast motions are more susceptible to instabilities, in particular due to the hybrid switching nature of
the dynamics whenever the leg contact conditions change. Many severe system constraints related to ‘exterior’
environmental conditions or ‘interior’ actuator limitations must additionally be considered. Legged systems often
have changing performance criteria (functions of dynamic state and control quantities measuring the desired system
behavior which ideally are minimized) depending upon whether efficiency, speed, or robustness is prioritized. One
of this paper’s goals is to argue that only a numerical modeling and optimization approach can presently tackle
these difficult hurdles, and that the approach described here is particularly well-suited due to its computational
efficiency and its proven capability to treat high-dimensional, complex dynamical systems.

1.2 Solutions for Multibody Dynamics of Legged Robot Models

Multibody dynamical models (MBS) for real legged systems are typically characterized by a high number of degrees
of freedom, relatively few contact constraints or collision events, and a variety of potential ground contact models,
actuator models, and mass-inertial parameter settings due to changing load conditions. Multibody dynamical
models serve for the optimization of gait trajectories or in the tuning of construction design parameters as will be
presented in Sects. 4.2 and 6. They also play an important role in simulation and feedback control (Sect. 5).
Closed-form dynamical expressions, i.e. as a set of ordinary differential equations (ODEs), are the most
efficient form of evaluating the dynamics. They are not, however, well-suited to legged systems due to the many
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changing kinematic and kinetic parameters and external force models which would require the frequent and time-
consuming generation of new dynamic equations. Better suited is an approach which is similarly efficient (important
due to the many degrees of freedom in such systems), but permits the easy interchangeability of parameters and
the introduction of external forces without repeated extensive preprocessing. The use of recursive, numerical
algorithms which satisfy these criteria are presented in Sect. 2.3. They are superior in efficiency to other non-
recursive multibody approaches such as the composite rigid-body method and can be programmed in a highly
modular manner as all calculations and parameters can occur as an exchange of information between links. Reduced
dynamical approaches appropriate for legged robots are additionally presented in Sect. 2.4.

1.3 Dynamical Stability of Legged Robot Motion

It is indisputable that the problem of maintaining stability in legged systems undergoing fast locomotion has been
the main obstacle in the construction of such systems. There has been a wide spectrum of different approaches
in previous work for generating dynamically stable motions in bipeds and quadrupeds. Analytical methods used
for designing controllers for dynamically stable motion such as in [19, 27, 33] usually rely on simplified models
and are not yet at a stage where the various influencing dynamical effects (constraints) previously mentioned
can be considered. Other gait planning schemes using models with 3-dimensional motion rarely consider the full
complexity of the stabilizing potential of the torso sway motion or that of arm swinging which can be advantageous
for increasing robustness and reducing power consumption. It is not without reason that even the most advanced
bipedal, autonomous robots as the Honda humanoids walk relatively slow compared to a human. The 1.6 m tall P3
which was presented in 1997 after eleven years of research walks at a maximum speed of 2 km/h, and the 1.2 m tall
ASIMO presented in 2000 was the first of the Honda humanoids being able to walk along curves while achieving a
maximum speed of 1.6 km/h.

Standard approaches for constructing stable legged 3-D motions for bipeds [28, 40] generally rely on heuristic
schemes. These approaches work well for statically stable gaits when the projected ground center of gravity is
constrained to lie within the support polygon, the convex hull about the leg contact points: a purely kinematic
measure of stability. Extensions to dynamic stability using a dynamic stability criterion is usually based on the
Zero-Moment-Point (ZMP) [53], yet this criterion is limited in its ability to classify stability [17]. For example,
this measure is not appropriate when one of the biped’s feet is rolling about its edge as the ZMP will then lie on
the boundary of the support polygon and provide little information about the system’s stability. It is apparent
though that the rolling motion of the feet plays an important role in fast walking and running. The numerical
investigations performed in [21] indicate that without this property the double contact phase of biped walking
does not have an energetical advantage. In the case of quadrupeds with point contacts, a similar problem occurs.
Nonetheless, 3-D bipeds and quadrupeds have been constructed which perform dynamically stable walking and
running [26, 52, 56], though due to excessive power consumption they were either not autonomous or required a
substantial battery supply for only a short operational period. We present in Sect. 3 alternative stability as well
as energy-based performance measures to be used for bipedal and quadrupedal gait generation.

1.4 Numerical Optimization and Feedback Control of Bipedal and Quadrupedal Robot
Motions

Algebraic control strategies for legged systems cannot yet handle the high dimension and many modeling constraints
present in the locomotion problem. Heuristic control methods, on the other hand, tend to have poor performance
with respect to power efficiency and stability making these approaches unattractive for implementation in a fast-
moving legged system. The remaining proven approach is the use of sophisticated numerical optimization schemes
which can incorporate the numerous modeling constraints to generate optimal trajectories. The resulting trajec-
tories may later be tracked or used to approximate a feedback controller in the portion of state space of interest.

In our efforts to achieve dynamically stable and efficient gaits for various biped and quadruped legged system
constructions, we explore in this work a numerical optimization approach which minimize performance or stability
objectives in the gait generation problem. Numerical optimization tools have advanced sufficiently [16, 50] such
that all the above-mentioned modeling and stability constraints can be incorporated into the problem formulation
together with a relatively complete dynamical model so as to obtain truly realistic energy-efficient, stable and
fast motions. The optimization approach is based on a discretization of the control problem in time using direct
collocation and its subsequent formulation as a nonlinear programming problem then solved with a sparse sequential
quadratic programming algorithm. This approach has already been successfully applied for gait planning in bipeds
in two dimensions [21] and for quadrupeds in [22].
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2 Dynamic Modeling of Legged Locomotion

2.1 Biped and Quadruped Dynamics

Figure 1: Four-legged Sony robots (left) used for RoboCup [10] and kinematical structure of one leg (right).

Two models of a bipedal and a quadrupedal robot are treated here. The presented approach, however, is applicable
to any other legged robot design.

Our model for the Sony quadruped (see Fig. 1) consists of a 9-link tree-structured multibody system with a
central torso and 4 two-link legs. Each leg contains a 2 DoF (degrees of freedom) actuated universal joint in the
hip and a 1 DoF actuated rotational joint in the knee (Fig. 1, right). A minimum set of coordinates consists of
18 position and 18 velocity states (q(t), q(t)) which include three Bryant Euler angles for the system orientation,
a three-dimensional global position vector, a linear and angular velocity vector, and additionally three angles and
their velocities for each leg. The 12 control variables u(t) correspond to the applied torques in the legs. The
kinematical and kinetical data such as length, center of mass, inertia matrix etc. for each robot link have been
provided by Sony to the authors.

The biped model used later in the numerical investigations is a planar model with fewer degrees of freedom.
It consists of five links with two degrees of freedom in each leg and three degrees of freedom in the reference
base-body (torso) for its global position and orientation. Two versions of kinematical and kinetical data of the
same biped structure have been investigated. The human-like data used in Sect. 4.2 is taken from [20]. The data
of the biped of Sect. 6 is from the humanoid robot design study [23]. The complete set of coordinates consists of
7 position and 7 velocity states (q(t),q(t)). Later in the investigations, it becomes apparent that the lack of a
modeled foot is primarily responsible for the biped’s highly inefficient operation at high speeds (cf. Sect. 4.2). The
foot has a particular important function as its use to propel the body forward during heel-liftoff and to dampen
the effects of impulse forces at collision are fundamental for attaining high speed gaits.

The equations of motion are those for a rigid, multibody system experiencing contact forces

4 = M@ (Bu-C(a.4) - 6@+ J(@f.) M
0 = gc(Q)

where ng equals the number of degrees of freedom in the system, M € R4 X" jg the square, positive-definite mass-
inertia matrix, C € R™ describes the Coriolis and centrifugal forces as well as Coulomb and viscous friction, G € R"4
are the gravitational forces, and u(t) € R™ the control input functions which are mapped with the constant matrix
B € R™*™ to the actively controlled joints. The ground contact constraints g. € R™ represent n. holonomic
constraints on the system from which the constraint Jacobian may be obtained J, = %gq& € R" %4 while f, € R
is the ground constraint force. Note: If the constraint Jacobian J, is rank-deficient, then a new matrix J. may be
constructed from J, using only the linear independent rows. In general form, the system dynamics (1) results in a
system of differential-algebraic equations (DAEs) of (differential) index 3.

The biped and quadruped are modeled as free-flying systems permitting the modeling of running gaits where
all legs might be in a flight phase. It was shown in [9] that numerical interpolation or extrapolation of Euler angles,
as might occur in most standard integration schemes, can produce inaccurate results since the interdependencies
between the axes are ignored. For simulation purposes, it is thus advisable [9, 47] to use unit quaternions and their
time derivatives to represent the system’s rotational state coordinates. These introduce two additional algebraic
constraints to the dynamic model (1). The desired numerically accuracy may be usually obtained with Euler angles
in gait optimizations, however, as the time span is relatively short.
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2.2 Constraints

An important aspect of formulating a gait optimization problem is establishing the many constraints on the
problem. Legged systems are good examples of hybrid dynamical systems [22] as they periodically enter different
discrete states which in turn (discontinuously) switch the dynamical model. These occur each time a new contact
occurs or a contact is freed. The numerical solution of hybrid optimal control problems (HOCP) is still in its early
stages [5, 51], yet when the discrete trajectory (contact events) is previously specified, current numerical solution
techniques have been shown to work well [7, 21].

For a biped, specifying the order of contact events is not a problem as one need only distinguish between
walking and running. The range of different quadruped gaits, however, can be quite large. The problem of searching
over all possible gaits in a gait optimization problem has not yet been completely solved [22]. Biological studies
can provide a good indication, though, as to which quadrupedal gaits are the most efficient for different forward
velocities [2]. A numerical advantage for considering gaits with the left and right legs of a pair with equal duty
factors is that the problem can be completely formulated within half a gait cycle. Both symmetric and asymmetric
gaits fit within this framework as we make no restriction on the relative phases of each leg. (In a symmetric gait,
one leg of a leg pair makes ground contact half a gait period after the other leg). In nature, it may be witnessed
that asymmetric gaits are more prevalent with quadrupeds when moving at faster speeds.

A summary of the modeling constraints for a complete gait cycle is as follows.

Periodic gait constraints (enforced during gait optimization):
1. Periodicity of continuous state and control variables,

a(ts) = a(0), a(t}) = 4a(0). ©)
2. Periodicity of ground contact forces,
fo(t}) = £(0). 3)

The notation fl(t}r) and f, (t;[) indicates the state velocity and contact force vectors immediately after any
collision or implulse events occurring at the final time of the gait cycle t = t;. The periodic constraints differ
for a half a gait cycle when left and right legs of a pair have equal duty factors in that individual components

of the above vectors will be equal to the negative of its initial value.

Exterior environmental constraints:

1. Kinematic constraints on the height (2-coordinate) of the sole of the swing leg’s foot.
The sole’s height g, , is calculated from a forward kinematics function FK(-) of the position states q,
)

In the case of unlevel ground, the 0 may be replaced by a ground height function of the horizontal position
of the swing leg tips. In these investigations, we consider only level ground.

2. Ground contact forces lie within the friction cone and unilateral contact constraints are not violated [15, 43].
In the case of point contact, ground linear contact forces F = [F, F, F,]T must satisfy (otherwise a slipping
contact state is entered),

\/Fx2+Fy2§Nth; F2207 (5)

with friction coefficient us. The contact force vector f. which appears in (1) includes the contact linear force
vectors {F;} from each contact leg j.

In the case of multiple contact, such as a foot lying flat on the ground, the rotational contact force pointing
in the normal direction to the foot T, is constrained by the product of a friction coefficient ug and F,

|T:| < paF . (6)

Interior modeling constraints:

1. Jump conditions in the system velocities due to inelastic collisions of the legs with the ground.
If the exterior constraint (4) is violated, a collision occurs. This is modeled as an instantaneous jump in the
state velocities at the k-th such collision or contact event,

4(t§,) = Jumpy g (alts ), alts ), (7)
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where q(tg ;) and Q(tfg"k) indicate the values of q just before and after the collision event respectively. The
function Jump calculates the jump in the state velocities resulting from the point of collision instantaneously
reaching a zero velocity. The jump is physically modeled as the consequence of an impulsive force propagating
throughout the system which may be calculated using the law of conservation of angular momentum [7, 21].
This approach is a numerically tractable approximation to real collision phenomena.

2. Magnitude constraints on states, controls and control rates,
La<a<Uy Lyg<a<Uy Ly<u<Uy La<u<Ua. (8)

L and Uy are constant, real vectors of length equal to their arguments.
3. Actuator torque-speed limitations.
The applied torque at the actuated joint ¢ is constrained by the characteristic line of the motor-gear train,

G?m

[wil < (Bmazi = 16:)51%

9)

where wu; is the applied torque at joint ¢, 6; and émax,i are the joint ¢ velocity and maximum absolute
joint velocity respectively, G; is the gear ratio, 7; is the gear efficiency, and m; is the slope of the motor
characteristic line.

Simulation of legged locomotion must not only enforce the interior constraints but must also supervise the
environmental constraints. When the latter can no longer be enforced, the system enters a new discrete state often
leading to a switch in the dynamical model (e.g. in ge(q), J.(q) of Eq. (1)) and system state, which in turn must
reflect the internal modeling constraints.

The topic of multiple unilateral contact constraints in a rigid body as commonly encountered between the
three-dimensional model of biped feet and the ground, have recently received increasing attention [43], and elegant
numerical solution methods now exist so that such problems may be solved in real-time applications [15]. Solutions
to similar problems with a rigid body experiencing multiple collisions have been treated in [48].

2.3 Robotic Dynamic Algorithms

Symbolic multibody algorithms can construct efficient, closed form dynamics of O(N) complexity for a legged
system through symbolic simplifications [36, 41]. Their purpose is to develop efficient dynamic equations for
specific multibody systems. This approach is not well-suited to legged systems due to the switching characteristic
of the dynamics in different contact states, varying parameter and exterior load conditions. The Composite Rigid
Body Algorithm (CRBA) [24, 38, 54] is an approach which numerically solves the equations of motion by efficiently
constructing the entire mass-inertia matrix M with O(N?) complexity where N is the number of links in the system.
It satisfies the prerequisite for an easy change of parameters or the introduction of external forces without making
changes to the algorithm. Further descriptions of these algorithmic approaches may be found in [46] where they
are also associated with commercial packages. These solution methods are, in general, superceded in modularity
and in efficiency for systems with more than 7-8 links by the articulated body algorithm (ABA) [13].

The O(N) ABA [12, 44] has been shown to be a very exact and numerically stable multibody algorithm
superior to the CRBA as it introduces less cancellations of terms [42]. It exploits the linear relationship between
accelerations in a rigid-body system and the applied forces; in particular, the definition of the articulated body
inertia, the inertia of the ‘loppy’ outboard chain of rigid bodies not subject to applied forces, has permitted the
construction of a recursive algorithm for the forward dynamics [12]. The similarities to the Kalman filtering and
smoothing algorithms led to an alternative decomposition of the mass-inertia matrix, which in turn led to an O(N)
closed-form expression for the inverse mass matrix [44]:

M = HT¢TM¢oH (Newton-Euler Factorization)
M = [I+K¢H|TD[I + K¢H]| (Innovations Factorization) (10)
M- = [I- K¢HD I - KyH]T .

Let ng; equal the motion degrees of freedom for link 7. Then ng = ), ng, and the matrix H = diag{H;} contains
the 6 x ng, matrices H; which span the motion freedom subspace of joint i. In the case of a 1 DoF joint, it merely
describes the joint’s axis of motion. The 6N x 6N lower triagonal matrix ¢ contains all the (6 x 6) operators ¢; ;_1
describing the transformations of six-dimensional spatial velocity vectors corresponding to any two links that lie
on a path from the base to the branch tips. Its lower triangular form induces the base-to-tip recursion and the
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LDLY structure to the factorization of M. The matrix M = diag{M;} contains the 6 x 6 spatial inertia matrices
of each link M; represented at joint .

The 6 x 6 articulated body inertias P; satisfy a Riccati equation identical to that found in the discrete-time
Kalman filter with tip-to-base recursion instead of a time iteration,

fori=N,...,1
Viv1i = Tit1Pit1,
P = Yl i Pitir + M,
D; = HIPH, (11)
G; = D;'HIP
7, = I—-H;G;
end loop

From the above operator definitions, new operator identities may be established which result in the alternative
innovations factorization [20, 44]. The matrix D = diag{D;} contains the nonsingular n4, X n4, operators D; which
are the articulated body inertias along each joint’s motion degrees of freedom. The recursion operator ¢ containing
the (6 x 6)-matrices 1; ;1 have the same structure as ¢ and ¢; ;_1 and are obtained by projecting ¢; ;_1 using the
6 x 6 operator 7; onto the articulated motion subspace. The ng4, x 6 dimensional matrices K; = G;¢;;—1 may be
collected into one (ng x 6N)-matrix K = subdiag{K;} so that the complete recursion above may be represented in
the succinct form of (10). In [42] it was shown how this algorithm may be obtained using block matrix elimination
from a matrix representation of the CRBA.

There also exist various methods for solving the forward dynamics problem subject to contact constraints (1).
For systems with few contact constraints n. relative to the number of bodies IV in the system as is the case with
legged systems, the best suited approach is to solve first for the contact constraint forces f., and then to substitute
these to solve for the accelerations g [13]. It is not only computationally advantageous, but also lends itself well
to a recursive algorithmic approach. These algorithms with slight numerical modifications are described in [20],
where they were used for optimization purposes. An object-oriented C++ toolbox also based on these algorithms
is described in [25].

Other O(N) algorithms also exist which do not depend on the ABA such as that using natural coordinates
[11, 35]. This approach provides a more systematic way of dealing with systems with many closed kinematic loops
and additional algorithms exist within this framework for deriving exact sensitivities to the dynamics. The ABA
is superior in modularity and efficiency to that of natural coordinates which is of primary importance in legged
systems. Additionally, recursive algorithms also exist for calculating exactly the sensitivities to the dynamics in the
ABA framework [32] which can be valuable for evaluating gait stability in legged systems as well as for optimization
of gait trajectories. The modularity of the ABA also allows for its straightforward extension to include many other
modeling complexities such as, for example, geared actuation [30], underactuation [31], and even an O(log(N))
parallel implementation [14].

2.4 Reduced Dynamics

It is possible to calculate the contact dynamics using a reduced dynamics algorithm. This approach, also known as
coordinate partitioning [1], projects the dynamics (1) onto a reduced set of independent states thus converting the
DAE contact system (1) into an ODE system of minimal size. Using a recursive multibody algorithmic approach,
the reduced dynamics may be evaluated without explicitly constructing them [21]. This approach requires solving
the inverse kinematics problem for the dependent states which, in the case of legged systems, are generally the
contact leg states. For most leg configurations, this problem is easily solved using knowledge of the relative hip
and foot contact locations. This approach is not an approximation to the dynamics but rather a more efficient
computational method.

The position state vector q may be partitioned into independent position states q; and dependent position
states g2 which may be obtained from q via a linear transformation, q; = Zq. The transformation Z € RV—7e)xN
is in the case of legged systems a constant full-rank matrix consisting of unit vectors or 0. It is assumed that an
explicit function i(-) exists which determines the dependent position states g2 from q, i.e. g2 = i(q). In the case
of legged systems, an inverse kinematics solution generally exists for the dependent contact leg states given the hip
position py, and the foot contact position p. in inertial coordinates where py is a function of q;. For succinctness,
we write i(q1) = i(pn(d1),Pc).- One may partition the constraint velocity equation J. g = 0 with respect to the
independent ¢; and dependent velocity states 2, J¢,141 + J,242 = 0. This similarly provides a change of variables
for the velocity states,

Q@ =24, q@=-J,Jaid . (12)
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Substituting qi, 2, 41, and §s into (1) and multiplying (1) by Z then gives an ODE of size (N — n.)

a1 = ZM(as, i) (Bu = Clav,i(ar), i, o3 Jead) — Glan,ilan)) + %) (13)

The principal advantage of this approach is that one needs only perform the optimization on the reduced
dimensional state. The state must then be monitored such that it remains within a well-defined region of the state
space. In Sect. 4.2, where the optimal amble gait is investigated for a quadruped, there are always two legs in
contact. As a result, instead of the full 36 states (q,q), 24 states can describe the system.

The numerical advantages can be considerable. The general, ‘index 3’ DAE system (1) for legged robots
must otherwise be converted to a ‘index 1’ system requiring the formulation of additional algebraic equations based
on the dynamics. Additionally, special-purpose DAE optimization/simulation tools are required which are not as
mature as their ODE counterparts.

3 Dynamic Stability and Performance
3.1 Measures of Stability

Stability plays a critical role in bipedal and quadrupedal locomotion. A nontrivial observation is that there is usually
a small margin in the legged system state space between a physically realizable periodic motion and kinematically
or dynamically unstable configurations. Kinematic instability refers to when the ground projected system center
of mass (GCoM) lies outside the convex hull of the leg support points (known as the ‘support polygon’). Dynamic
instability occurs when the system is in a configuration for which an actuation strategy does not exist which can
prevent the system from falling. The dynamically unstable region of the state space is a subset of the kinematically
unstable region. The kinematic and dynamic stable regions may be defined as the complements of their respective
unstable regions. The motions developed at the TU Darmstadt [10] and other teams in the RoboCup competition for
the Sony four-legged robots (Fig. 1) enforce kinematic stability which is more robust yet slower due to the stringent
actuation constraints. The generation of faster movements thus requires the extension to dynamic stability.

Definitions of static stability margins usually concern the minimum distance between the GCoM and the
support boundary. The slow, conservative motions characteristic of enforcing static stability have been slightly
improved in physical legged systems [26, 40, 28] by enforcing the zero-moment-point (ZMP) [53] to lie within the
support polygon. The ZMP is that point on the ground where the total moment generated due to gravity and
inertia equals zero or equivalently the point where the net vertical ground reaction force acts. As pointed out in
[17], this point cannot leave the support polygon and, in the case when the foot is rotating about the toe or heel,
it lies directly on the edge of the support polygon. During these periods, the ZMP does not indicate the amount
of instability in the system. The period of foot rotation is approximately 80% of a normal human walking gait
demonstrating that to achieve similar motions with legged machines, improved quantitative measures of stability
are required. Within the large variety of possible quadrupedal gaits (pace, gallop, amble, ...), there also exist
many configurations where the ZMP provides little useful information. An alternative measure proposed in [17] for
bipeds (though extendable to quadrupeds) is the foot-rotation-indicator (FRI). This coincides with the ZMP during
periods of static equilibrium of the foot and otherwise provides information as to the foot’s rotational instability.

In [27], dynamic stability was categorized into postural stability and gait stability. Postural stability is
maintained when the posture (torso orientation and position) remains within a bounded range of values. Gait
stability refers to the dynamical system definition of stability for limit cycles in periodic gaits. Foot rotation
instability measured by the FRI is a more complete measure of postural instability, but it still does not provide
any information as to gait stability/instability. Another more recently introduced postural stability measure for
quadrupeds uses the angular momentum about the support edges [37] to define a stability index. Like the FRI, this
method can provide both directional information and a reference stability quantity that can be used to quantify
system instability. Though postural stability measures are not rigorous measures for the stability of a dynamical
system, these measures provide a means to monitor the stability or instability present in legged systems. Another
advantage is that these measures may be directly incorporated into controllers for on-line use and, additionally,
they can treat aperiodic gaits, a necessity in an environment containing obstacles.

When considering full-dimensional dynamical models, gait stability measures must be calculated using nu-
merical methods. For higher dimensional systems, numerical methods and nonlinear dynamical systems theory,
in particular Floquet theory, can provide a means for evaluating gait stability [29, 39]. The eigenvalues (Floquet
multipliers) of the sensitivity matrix (monodromy matrix) between the final state values x(¢) and the initial state
values x(0) of the optimization problem (cf. Sect. 4.2) characterize the stability of the periodic system. The
eigenvalues are equivalent to the linearized Poincaré map and indicate asymptotic open-loop stability when they
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are less than unity. An optimization of these eigenvalues with respect to a high dimensional dynamical model is
not expected to be successful due to the problem nonconvexity and the high dimensional nonlinear dynamics. We
may calculate, however, the maximum Floquet multiplier obtained from an optimization in order to evaluate its
open-loop orbital stability with respect to different performance measures. This approach is used in Sect. 4.2.

3.2 Measures of Energy and Efficiency

In autonomous legged systems, the measurement and control of expended or lost energy can be nearly as important
as stability. A challenge of systems with limited power supply is to combine energy conserving motion with the
robustness and stability properties discussed previously. It has been additionally witnessed in humans that steady-
state forward walking approximates a minimum energy motion according to a dynamical model for the human
body [45]. In this sense, an attempt to reproduce smooth, natural motion will also take these factors into account.
Sect. 3.3 presents two different forms of energy measurements that may be used to measure performance. One
measure considers the largest form of energy loss, Joule thermal loss [34], found in many actuated robotic systems.
It is a generalization of the common technique of minimizing the integral of squared applied torques. The other
technique is to measure directly efficiency as introduced in [18]. Here the normalized output power is measured.

3.3 Performance Specifications

Performance functions are functionals of the control actuation or of dynamic quantities and may be used to measure
desirable aspects of legged motion. The performance functions presented here for the study of periodic gaits can
measure the stability /instability or energetical efficiency of the periodic motion. These performance measures are
not explicitly dependent on the time period of the gait so that they may be used in on-line calculations as well as
in numerical optimization approaches for obtaining dynamically stable motions for bipeds and quadrupeds.

Stability Performance 1:

The FRI point may be computed as that point for which the net ground tangential impressed forces (FI,
FI,) acting on the foot are zero. These forces are the acting forces and may differ from the constraint forces
F = [F, F, F,]T [17]. If Ny feet/leg-tips are in contact with the ground, FRI may be considered as the net point
of action for all ground impressed forces resulting from the robot gravity and inertial forces. It may be computed
using the rotational static equilibrium equation for the feet,

Ny
Z (nj + FOJ X f]‘ — FGJ X mjg)t =0 , (14)
j=1
where n; and f; are the moment and linear force vectors from contact foot j acting on its connecting point O;
to the remainder of the robot, FO; and FG; are the vectors from FRI to O; and the foot center of mass G
respectively, m; is the foot mass, and g is the gravity vector. The subscript ¢ indicates that only the ground
tangential x- and y-coordinates must satisfy the equality.
A stability performance index appropriate for maximizing postural stability is the average distance in the
ground plane between the point FRI and the ground projected center of mass GCoM

ty
Joila, ] = / ((GCoM, — FRL,)” + (GCoM, — FRL,)>)dt — min! (15)
0

Stability Performance 2:

The measure proposed in [37] is an alternative measure based on the angular momentum and it takes into
consideration the momentum of the swing legs. It is however limited to quadrupedal gaits with at least two legs in
contact with the ground. The stability /instability margin is equal to

Sy=min{S,, I =1,...,n}, (16)

where n; is the number of edges in the support polygon. The stability values Si; for each edge depend on whether
the edge is a diagonal or non-diagonal edge. The linear and angular momentum of the system about the system
center of mass CoM are denoted as Lom and Hen respectively. These values can be used to compute the angular
momentum about a point P on the ground using the transformation Hp = Hear + rp o X Loy where rp oy is
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the vector from P to CoM. When P lies on the edge connecting two support legs, the rotational tendency about
that edge is

H = (HCM + Tpou X LCM) - &

where &; is the unit vector along edge [ [37]. The reference angular momentum H;¥ about edge [ is defined as the
minimum angular momentum to tip over the edge if the system were an inverted pendulum,

f o ~
H;m = (rl,CM X miotalvrcf) t €.

Here r, ¢y, is the orthogonal vector from the edge [ to CoM and m,,,, is the total system mass. The reference
velocity vector v, is computed from the kinetic energy required to attain the higher potential energy at which the
system CoM would lie above edge I, M.uu(g||T, cul| costy — gTxcu), where g = [0 0 g]7 is the gravitational force
vector. Then for a non-diagonal edge, S}, = H] — H.,.

In the case of a diagonal edge, the maximum angular momentum is defined as

Hlmaz = (rz,CM X mmazvzsz) - &
where v is the maximum velocity vector of the swing leg’s tip. If only two legs are in contact, then when the CoM
has not yet crossed the diagonal edge then S, = min (H,— H¥, H™ — H)), and if it has crossed S, = H™ — H,.
In the case of a third supporting leg behind the diagonal edge S, = H™ — H,, and if the supporting leg lies in
front then S, = H[¥ — H,. An overall gait stability measure may also be constructed from the above when dealing
with a periodic gait by defining it to be the minimum value of Sy over the entire gait cycle or its integrated value.
As stability is more of a risk criterion than a cost criterion, the minimum value formulation is used here.

The objective is the min-max criterion:
min Sg(t) — max! (17)

0<t<t;
Similar to the optimal windshear control problem solved in [4], by adding an additional control parameter p;
to the problem, the min-max problem may be transformed to a standard form of Mayer-type objective, p; :=
ming<¢<¢, Ser(t), where an additional inequality constraint is needed, Sg(t) —p1 > 0 (0 < t < t7), and the
performance index becomes

Je2[p] = —p1 — min! (18)

Energy Performance 1:
In the case of robots where a high torque is generated by a large current in the motor, the primary form of
energy loss is called the Joule thermal loss [34] and may be calculated as

ty N ws 2
E =/ Ri< i ) dt, 19
A ; G;K; (19)

where R;, G;, and K; are the armature resistance, gear ratio, and torque factor for link ¢ respectively. The energy
consumption may then be minimized in the performance by dividing it by the forward distance SFpp > 0 traveled
during one gait cycle,

E;

Jalu] =g~

— min! (20)

Energy Performance 2:

Another efficiency cost criterion is the specific resistance € as used in [18]. This measures the output power
in relation to the mass moved and the velocity attained and is a dimensionless quantity. By minimizing its integral
over the gait cycle, a normalized form of the kinetic energy is minimized,

_ Y L bl
o mgy

E. (21)

where mg is the weight of the system, 6; is the joint i angle velocity contained within the velocity state vector q,
and v is the forward velocity. The performance index is then

Je2lq,q,u] = E. — min! (22)
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4 Numerical Optimization and Investigations

The optimization of the stability or energy performance indices of Sect. 3.3 subject to the system dynamics and
constraints of Sect. 2 leads to optimal control problems. The ODE system (13) for the indepent state variables q1
can be transformed into first order standard form %(t) = £(x(¢), u(t),t) by x = (q1,q1). Although the computation
of the optimal, state feedback control is the ultimate goal where the control is a function of the system state vector
x, u*(x), it cannot be computed directly because of the system’s dimension, nonlinearity and constraints. However,
with the help of numerical optimization methods developed during the last decade, optimal open loop trajectories
x*(t), u*(t), 0 <t < ty, can nowadays be computed efficiently [3].

4.1 Optimization Framework

The optimization we are faced with is to find the unknown open-loop state and control trajectories (x(t),u(t))
which minimize a performance function J subject to a set of possibly switching differential equations, nonlinear
inequality and equality constraints, and boundary conditions:

fl(x(t),u(t),d(t),p,t), t € [thtS,l]a
x(t) =< fEx(t),u(t),d(t),p,t), t € [tsk—1,tsk], k=2,...,m—1
fm(X(t),ll(t),d(t),p,t), t e [ts,m—latf]a
f(x(t)ﬂu( )5 ()5p5t) Z 05 te[ts,k—lats,k]a izla"';ng:ﬂn; k:]-)---;m;
?(X(t)ﬁu( )5 ()5p5t) = 05 te[ts,k—lats,k]a i:]-a"'anhf’na k:]-;"'am
rzl(x( ) (tO) d07p70 X(tf) (tf)adfatf) = 0 ) = 1,---,”7‘5”
Tzk( (ts,k) (ts,k) d(tsik),p,ts,k,x(tgk),u(t;,ﬂ),d(t:’g',k)) =0 k= 2..m-1

The optimal control software DIRCOL [50] uses the method of sparse direct collocation [49] to approximate
the piecewise continuous states x, controls u, and constant parameters p of the optimal control problem. The
discrete state trajectory d : [0,t¢] — Z, d(t) = const if t5 41 < t < tg, must generally be provided which leads to
a multiphase optimal control problem. The continuous state and control variables are approximated by piecewise
polynomials along the subintervals ¢ € [ty,t; ] of a grid t5;_1 = #] <t <--- <t} . =ts; in each phase,

ﬁapp(t) - ﬂ(t)ﬁ(t‘i))ﬁ(ti—i_l)), . ) /8 - linear (23)
%) = alt;%(8),%(0), fl, fl,1), o — cubic

where f,g = fi ()Ac(tfﬁ), ﬁ(ti), o ti) The infinite-dimensional optimal control problem is thereby converted to a large-
scale, finite-dimensional constrained nonlinear program (NLP) containing the unknown values for x,u, p,ts i, ts.
The problem is then solved using an SQP-based optimization code for sparse systems SNOPT [16]. After having
obtained a solution on a coarse grid, a refinement of the discretization grid is applied. The method has demonstrated
remarkable robustness and also provides reliable estimates of the adjoint or costate variables of the optimal control
problem. The direct collocation approach handles general nonlinear equality and inequality constraints on the
states and controls including magnitude bounds, multiple phases with switching dynamics, jumps in the states and
controls, and objectives with continuous and discrete costs [49, 50]. The method is thus equipped to handle the
complexities of the walking problem: unknown liftoff times, different ground contact combinations for the legs,
discontinuous states at collision times of the legs with the ground, switching dynamics, and actuation limits.

This method of generating optimal reference trajectories was used in [21, 22]. Optimality is according to
first-order optimality conditions and can only be established locally. However, it may to be applied to systems of
much higher state dimension than standard finite-element approaches can handle, as used for example in [6]. This
work is the first in which complete three-dimensional dynamical models are used in the optimization process in the
case of the quadruped.

4.2 Numerical Investigations

The goal in our numerical investigations is to generate efficient, stable, and rapid periodic motions for our test
platforms of the Sony four-legged robot and our humanoid robot currently under construction (Sect. 6). Some
of these objective criteria are weighted stronger than others given the platform and specific task to be fulfilled.
Performing a numerical optimization requires a set of starting values (rather than an arbitrary set) to begin the
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iteration procedure. Due to the complexity of the model, a reasonable set of starting values is required for the
iterative optimization procedure to converge to a solution. This can be done in a number of ways. One is to use
heuristic arguments to determine a useful guess of the state position paths and feet placement locations, desired
forward velocities to determine the state velocities, and desired ground forces with inverse dynamics to calculate
a set of control inputs. An alternative is to calculate a series of optimal solutions for related subproblems. The
latter approach was the one taken here where first the problem was solved in two dimensions in the saggital plane
with most parameters fixed, then all constraints were gradually relaxed using the previous solution to start the
subsequent problem. Optimization run times for a single subproblem usually range from 1 to 10 minutes on a
Pentium III, 1150 MHz PC.

Based on this numerical and algorithmic framework, a numerical investigation was made into humanoid
walking using parameters for the average adult male, for which preliminary results are reported in [21]. Periodic
walking trajectories were calculated at a number of different forward velocities by minimizing Energy Performance 1
including an optimal periodic walk with a forward speed of 12 m/min and a step size of 0.1m, much smaller than
the 0.75m witnessed in humans. This study was able to verify that the optimal step length exhibits a roughly
linear relationship with increasing average forward velocity (Fig. 2), which has been a standard observation from
human walking [45]. We may observe the vertical movement of the hip and knee in Fig. 3. The height of the
hip and knees stays roughly at the same level during the slower 12m/min optimal walk while during the faster
50m/min, the well-known sinusoidal motion effect of the hip is more apparent [45]. The system energy has also
been shown [21] to reflect the theorized hyperbolic relationship with the forward walking velocity as witnessed in
humans [45] according to the formula E,, = % + 0.005v, where E,, is the required energy per meter traveled.
Thus, the important observation is made that many human walking characteristics can be generated through an
energy minimization of a humanoid multibody dynamic model. Another important conclusion of this investigation
is the enormous importance of the rolling action of the foot for rapid and efficient locomotion. Without the foot,
these investigations have shown that a double contact phase with both feet on the ground does not provide any
locomotive or energetical advantages as an efficient and smooth transfer of the ground contact forces from the
existing support leg to the new support leg cannot occur.

In a second set of investigations, dynamically stable quadruped gaits were investigated and both FEnergy
Performance 1 and Stability Performance 2 were studied. The solution displayed in Fig. 4 displays two trot gaits
advancing at 32¢m/s. The one with the lower minimum stability index Sy is purely an energy minimal trot.
The other gait optimizes a weighted combination of a stability and energy performance. The energy performance
penalizes energy lost per meter traveled so that a forward motion can still be assured. During the fast trot displayed
in Fig. 4, it is the small margin between the swing leg’s motion and the overall body motion which is responsible
for the minimum stability value. At this period of the gait, the body CoG is attempting to cross the diagonal
support edge while slowly losing its momentum. The adjacent figure displays the contact configuration during both
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Figure 4: Stability index Sy (left) for an optimized trot gait of a quadruped moving forward at 32¢m/s and
36¢m/s based on a full three-dimensional dynamical model. The sharp increase in the stability index occurs at
the instant when the projected CoG passes over the diagonal support edge. The portions of low/high stability
indicate a period when the system CoG has not/has passed over the diagonal support edge between the contact
legs. The slower gait with the lower minimum stability index is optimized with only an energy performance,
while the faster gait is optimized with a weighted max-min stability performance and an energy performance.
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gaits where the symbols have the following meanings: (LF=left front leg, RF=right front leg, LR=left rear leg,
RR=right rear leg).

The purely energy optimal gait travels with an optimal speed of 32¢m/s and a stride length of 9¢m. The
stability /energy optimal gait travels faster at 36¢m/s with a 10cm stride length. A typical quadruped trot gait
optimization problem according to Sect. 4.1 with 44 grid points contains 1621 NLP variables, 1100 nonlinear
equality constraints, and 264 inequality constraints. Run-times averaged 2 minutes on a 1150 MHz PC after
having obtained reasonable starting values. A posterior numerical integration of the sensitivity equations (partial
derivatives of the state with respect to its initial conditions) for both of the above optimal gaits produced each
gait’s monodromy matrix. The maximal Floquet multiplier (eigenvalue) of the energy optimal gait was 664, much
larger than one, thus far from open-loop asyptotic stability. The combined stability /performance index did, in
fact, produce an improvement in the orbital stability measure to 630. This result holds for an angular velocity
constraint |¢;(t)| < 8m/s. If ¢; is not constrained its maximum reaches 24m/s and the corresponding maximal
Floquet multiplier is about one hundred times larger.

For the application of the quadruped in RoboCup competition (Fig. 1), energy efficiency is not as important
since the robot’s battery provides sufficient power for the duration of a regulation match. Fast and stable motions
are most the important ingredients for success. Compared with the previous four-legged robot dynamic model a
main difference is not the overall size but the relatively heavy head which also must be considered.

5 Control of Bipedal and Quadrupedal Robot Motions

Today, most all feedback walking control strategies that have been implemented successfully in three-dimensional
humanoid robots or quadrupeds are based on trajectory following control. In trajectory following control, refer-
ence trajectories for the body posture, ZMP, or foot flight paths are developed off-line (e.g. through extensive
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simulations) and implemented on the bipedal robot using standard controllers such as PID to follow the reference
trajectories which have been transformed to desired position (and velocity) information for each of the leg and
foot joints (Fig. 5). This strategy has been applied, e.g., to the Honda humanoid robot [26], the Humanoid H6
[40], [28], or [56] for a quadruped. In the case of bipeds, however, forces and moments measured at the foot and
angular velocities and linear accelerations measured at the main body usually must be fed back into the control
loop to prevent the upper body from losing balance. Feedback linearization techniques (computed torque) are also
based on trajectory tracking techniques, yet they take full advantage of a nonlinear dynamical model to arrive at
asymptotically stable closed-loop controllers. In contrast to simpler trajectory tracking schemes, these controllers
are not decentralized nor decoupled. An example of this type of implementation may be found with Johnnie at the
TU Munich [15].

Nonlinear, model-based feedback control methods provide more potential in producing fast, stable motions
(Fig. 6). Controllers based on dynamical system properties can provide the means for achieving dynamic stability.
However, a highly robust and efficient robot dynamics model enabling real-time computations is needed. The
methods described in this paper may serve for this purpose. There are also many control techniques for stabilizing
with feedback to previously calculated maximally stable open-loop trajectories, yet this topic extends beyond the
scope of this paper.

6 Robot Design and Dynamics of Legged Locomotion

To achieve optimal stability or energetical performance of an autonomous legged robot, especially a humanoid
robot, the study of the full dynamics including kinematical and kinetical data must be considered in our opinion
already in the design phase of the robot. The selection of motors and gears for the various hip, knee or foot joints
of a humanoid must be based on the expected applied force at each joint if the robot is walking or running while
further considering the onboard energy supply and other hardware. These forces depend not only on the geometry
of the robot links and joints but also on the distribution of masses in each part of the robot’s body. The faster
the robot walks or runs, the stronger the motors and gears that are required. However, stronger motors and gears
are also heavier and require more electrical power and, thus, more and heavier batteries. The heavier weight,
though, will counteract the ability of fast walking. Thus, the design of a fast walking humanoid must find a good
compromise between many different, counteracting objectives!
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Figure 7: Humanoid Robot Design Figure 8: Motor torque vs. rpm from an 18 kg biped

In a design study (Fig. 7), the Energy Performance 1 is minimized assuming identical and commercially
available actuators at all joints for cost and maintenance concerns. An additional constraint is also imposed on
the maximum power consumption My, for each motor. Let ¢; be the joint ¢ angle velocity, n the total number of
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links. Then the optimal control problem is:

ty
min {/ u(t)Tu(t) dt} subject to (1) (or (13)) and max |gi (W) u;(t)| < Mw . (24)
u 0 te[0,t5],i€{1,...,n}

The required motor torques 7,,, are calculated from the chosen gear ratio N; and efficiency h;, T,,, = N“—h while
the required motor speed n,. is obtained from the gear output speed n, and gear ratio, n, = n,N; . Additionally
plotted for each given gear ratio are three different motor voltage ratings: V,, = {30V,42V,48V} assuming a
battery supply voltage of V; = 38V delivered by three batteries providing 14.4 V each. The motor characteristic
lines in Fig. 8 are calculated by first determining the no-load motor speed n,,y from its rated value n,, and adjusted
according to the supply voltage Vi, npy,y = nm“,f; . The given slope of each motor characteristic line determines
the reachable torque and velocity combinations as the set of all points below the line. The desired workspace of
the motor thus should lie beneath this line.

The construction of a 70 ¢m humanoid robot prototype has been performed (Fig. 7) based on these numerical
results for possible walking speeds of up to 1.5 km/h [55]. This investigation led to the choice of 42 V motors with
66:1 gear ratios. This numerical work has also served to identify the critical problem in generating dynamically
stable legged locomotion in autonomous bipeds. Already at speeds above 1.5 km/h, no numerical solutions were
obtainable using 20W motors indicating the small control margin existing using current actuation and power supply
technology in autonomous legged systems.

7 Conclusion and Extensions

In this paper, the role of nonlinear dynamics in the development, implementation and control of bipedal and
quadrupedal robots is investigated. A discussion is provided explaining the choice of robotic dynamics algorithms
best suited to legged systems, together with reduced dynamics algorithms which aid in reducing the dimension of
optimal control problems formulated in this context.

A powerful and efficient numerical optimization framework is also presented which has been thoroughly tested
in previous work in optimal gait planning. Several performance criteria have been presented which serve to either
optimize energy or stability in legged systems. A maximum stability criterion can be of primary importance when
moving rapidly or when obstacles must be avoided. At other times energy concerns are more important such
as in autonomous robot design. The efficient recursive multibody algorithms combined with powerful numerical
optimal control software solve energy-based performance criteria whose solutions demonstrate their similarity to
human motion and aid in the humanoid construction design. A minimax performance stability criteria is also used
for generating maximally stable quadruped gaits. The results must be then combined with trajectory tracking
controllers which may additionally incorporate the stability index.
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